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§ BBG^GHHe 

B TeopHH C*-ajire6p oniiCBiBaeTCH kohctpyki^hh, CTaBHmaH b cooTBeTCTBHe KajKfloft hhbojiiothbhoh 6aHaxoBOH 
ajire6pe A "GjiHJKaiiniyK) k nefl cnapyjKH" C*-ajire6py A* , HasbiBaeMyro o6epmueaKiiu,eu C* -ame6pou ajireGpti 
A [7] . Ha KaTeropHOM asbiKe stot oSteKT y^o6HO npeflCTaBHTb Kax roMOMop4)H3M {Bcmpy no^ roMOMopcJjHSMOM 
HHBOjiiOTHBHbix TonojioriiHecKHx ajire6p mbi noHHMaeM nenpepbiBHoe, HHBOjiiOTHBHoe, jiHHCflHoe, MyjibTHnjiH- 
KaTHBHoe H coxpaHHiomee eflHHHi^y OToGpajKCHHe) cr : A — > A* b HCKyio C*-ajire6py A*, oSjiaflaiomHii tbm 
CBOHCTBOM, HTO fljiH jiio6oro flpyroro roMOMopeJjHSMa : A — ^ _B b npoHSBOjibnyio C*-ajire6py B naiifleTCH 
e/i,HHCTBeHHbiH roMOMop4)H3M C*-ajire6p ip* : A* B, saMtiKaromHii flnarpaMMy 



A >A* 




B 



KaK npHMep, o6epTi>iBaioiii;eH C*-ajire6poH pjia KOMMyTaTHBHoft hhbojiiothbhoh 6aHaxoBOH ajire6pbi A hbjih- 
eTCH ajire6pa C(T) nenpepbiBHtix 4)yHKD;HH na cneKTpe T = Spec(yl) ajire6pi>i A: 

A*^C{T). (0.1) 

EcjiH ajire6pa A Tonojiorii^iecKaa (mbi BCiofly npeflnojiaraeM, hto Tonojiorii^iecKHe ajireGpti naflejieHbi pa3- 
flejiBHO HenpepBiBHBiM yMHOJKeHHeM) , ho hc 6aHaxoBa, to fljia coxpaHenHH SToro pesyjiBTaTa Heo6xoflHMO o6o6- 
mHTb noHSTHe o6epTBiBaioiLi,eH C*-ajire6pBi (npH stom tcpmhh MenaeTCH, npeBpamaacb b C*-o6ojiOHKy). Cpefl- 
CTBaMH 4)yHKii,HOHajiBHoro anajiHsa stot oGteKT mokho onpeflejiHTB xaK HpoeKTHBHbifi npe^eji 4)aKTop-ajire6p 
ajire6pBi A^ HBjiHioni,HxcH C*-ajire6paMH (cm. |13j . |14| . |20| . |15|). a na asbiKe TeopHH KaTeropnii oh onpeflejiH- 
eTCH B ^Ba STana cjie/iyiomHM o6pa30M (cm. [3]). 

CnaHajia bboahtch hohhthc C* -pacmupenuji ajire6pbi A. Tloji hhm HOHHMacTca hjiothmh roMOMop4)H3M 
a : A ^ A' (to ecTb roMOMopcjDHSM, o6pa3 (t{A) KOToporo njiOTCH b A') hhbojiiothbhbix ajire6p TaKoii, ^ito pjin 
jiio6oro roMOMop4)H3Ma tp : A ~> B b HpoH3BOjibHyio C*-ajire6py B HaitfleTCH eflHHCTBeHHbiH roMOMop4)H3M 
C*-ajire6p tp' : A' ^ B, 3aMbiKaiOHi,Hii flnarpaMMy 




Ilocjie SToro C* -o6oAOHKa HHBOjiiOTHBHOii ajire6pbi A OHpeflejiHCTca: xax C*-pacniHpeHHe p : A ^ A* TaKoe, 
HTO fljiH jiK)6oro C*-pacmHpeHHH a : A ^ A' HafiflCTca eflHHCTBeHHbiii roMOMop4)H3M hhbojuothbhbix ajireGp 
V : A' ^ A* ^ saMbiKaiomHH flnarpaMMy 

A 



A' -^A* 

V 

^jia 6aHaxoBbix hhbojiiothbhbix ajireSp noHaTHC C*-o6ojiohkh coBHa^acT c HonaTHCM oGepTbiBaiomeH C*- 
ajire6pbi, a 4)opMyjia (|0.ip npn TaKOM o6o6Hi,eHHH coxpanaeT CHjiy b Kjiacce HHBOjiiOTHBHbix CTcpeoTHHHbix 
ajire6p c napaKOMnaKTHbiM jiOKajibHO KOMnaKTHbiM chcrtpom [3J. 

EcjiH 3aflaTbca i],ejibio o6T>acHaTb HHTyHTHBHbiit cmmcji onepaii,HH BsaTHa C*-o6ojiohkh, to ecTecTBeHHOft 
TOHKOH 3peHHa fljia SToro 6yfleT B3rjiafl h3 HonyjiapHoit hbihc oSjiacTH MaTCMaTHKH, Ha3biBaeM0H HCKOMMyTa- 
THBHOit reoMCTpHeii [6J. nojib3yacb 4)Hjioco4)HeH stoh flHCii,HnjiHHbi, mojkho npe^CTaBjiaTb C*-o6ojiOHKy KaK 

4)yHKT0p H3 4)yHKIl,HOHajIbHOrO aHajIH3a (hO^ STHM mm HOHHMaCM 4)yHKT0p H3 KaTCrOpHH HHBOJHOTHBHblX TO- 

noj[orHHecKHx ajire6p) b "HCKOMMyTaTHBHyio Tonojiornio" (to ecTb b KaTcropnio He(|)opMajibHO HOHHMacMbix 
"4)yHKE,HOHajibHbix ajire6p HCKOMMyTaTHBHbix TonojiorHnecKHx HpocTpancTB") . 3tot (|)yHKTop 6biji Hcnojib- 
30BaH B HeflaBHCH pa6oTe IO.H.Ky3Heii,0B0H |15) fljia nocTpocHna TCopHH flBOHCTBCHHOCTH (Heo6a3aTejibHO 

KOMMyTaTHBHblx) JIOKajIbHO KOMHaKTHblX PpyHH. 

noxo>KHM 4)yHKTopoM B MaTCMaTHKC aBjiacTca o6ojiOHKa ApcHca-MaiiKjia A i— > A^ (cm. [19j . [5]), ^eiicTBy- 
lomaa H3 4)yHKi],HOHajibHoro aHajiH3a b "neKOMMyTaTHBHbiH KOMnjieKCHbiii aHajiH3" (b KaTeropnio He4)opMajibH0 
noHHMacMbix "4)yHKii,HOHajibHbix ajire6p HCKOMMyTaTHBHbix KOMHjieKCHbix MHoroo6pa3HH") . 3Ta KOHCTpyKii,Ha, 
B CBOK) OHepe/],b, 6bijia HCH0jib30BaHa aBTopoM b [5] pjia HOCTpocHHa tbophh flBOHCTBCHHOCTH (Heo6a3aTejib- 
HO KOMMyTaTHBHblx) KOMHjiCKCHbix rpyHH JIh. AnajiOFOM 4)opMyjibi (10. ip B 3TOH TeopHH aBjiacTca 4)opMyjia 
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A. K3. nnpcKOBCKoro [19J, CBHSbiBaiomaH ajire6py ViM) MHoroHjienoB na KOMnjiCKCHOM aeJxJjHHHOM ajire6pa- 
HHecKOM MHoroo6pa3HH M c ajire6poH 0{M) rojiOMopcJjHBix 4)yHKii;HH na M: 

ViMf = 0{M). 



HajiHHHe ecTecTBeHHbix (JjyHKTopoB h3 4)yHKLi,HOHajii>Horo anajiHsa b TonojiorHio h b KOMnjieKCHbiii anajiHS 
pojKflaeT nofloapeHHe, hto flOjiJKen cymecTBOsaTb TaKoft >Ke <|3yHKTop co SHaHeHHHMH b flHc|)4)epeHLi,HajibH0H 
reoMeTpHH, KOTopbiii mojkho 6bijio 6i>i nasBaTb C°° -o6oaohkou TonojiorHHecKoii ajireSpti. B HacToameft pa6o- 
Te Mbi npefljiaraeM KOHCTpyKii,Hio xaKoro cjjyHKTopa. Hame onpeflejieHHe C°°-o6ojiohkvl aHajiorH^iHO flannoMy 
Bbiine KaTeropHHOMy onpe^ejieHHio C*-o6ojio'ikh c toh pa3HHn,eH, ^^to b onpeflejiennH C°°-pacmHpeHHH mbi 
saMenaeM C*-ajire6py B na ajire6py _B[[m]] CTcneHHbix paflOB c KOseJjcjjimHeHTaMH b C*-ajire6pe B, a ot ro- 
MOMop4)H3Ma if Tpe6yeM, htoSbi ero K034)4)Hn,HeHTbi b paajiojKeHHH no CTenenaM nepeMennbix b i3[[m]] 6bijiH 
;i;H4)4)epeHLi,HajibHbiMH onepaTopaMH no^xo^amero nopaflKa (cm. HHJKe onpe/i,ejieHHa na CTpaHimax 1451 h 1441) . 
OcHOBHbiM peayjibTaTOM pa6oTbi aBjiaeTca ^OKaaaTejibCTBO paBcncTBa, anajiorH^Horo 4)opMyjie (|0.ip : mm npn- 
Bo;i,HM ;];ocTaTOHHbie ycjiOBHa fljia Toro, HTo6bi C°°-o6ojiohkoh no/],ajire6pbi A (mm oSosHanaeM ee EnVoo A) b 
ajire6pe C°°{M) rjia^KHx 4)yHKii;Hfl: na rjia^KOM MHoroo6pa3HH M aBjiajiacb ajire6pa C°°{M): 

Envoo A = C°°(M). 

AbTop HafleeTca HcnojibsOBaTb onHcanHbie b 3toh CTaibe KOHCTpyKn,HH fljia nocTpocHHa Teopnn flBoiicTBeH- 
HOCTH B flH(J)4)epeHn,HajibHoft reoMeTpHH no anajiornn c ynoManyTbiMH leopnaMH flBoiicTBennocTH b Tonojiornn 
[15| H B KOMnjieKCHOM anajiHse [5]. 



(a) TepMHHOJiorHa, o6o3HaHeHH5i h npe/],BapHTejii>Hi.ie pesyjifaTaxM. 

B TecKTe MM nacTO yn0Tpe6jiaeM TcpMnnbi cmepeomunHoe npocmpaHcmeo n cmepeomunHaM aAseSpa. Mm ot- 
CMjiaeM HHTaTejia k pa6oTe asTopa [T], r^e 3th nonaTna onpeflejienbi n noflpo6no o6cy}K/],aiOTca (cm. TaKJKC [2] 
H [3]). IIo/i, monoAoguHecKOu aAze6pou mm nonnMacM TonojiornHecKoe BCKTopnoe npocipancTBO, cnaGjKenHoe 
pa3/],ejibno nenpepbiBHbiM accon;HaTHBnbiM yMno^KenneM c eflHHHn;eH. 

Hhbojiiou,hh Ha CTepeoTHnnoM npocTpancTBe. IlycTb X - BCKTopnoe npocTpancTBO na^ nojiCM C. Mh- 
eoAmv,ueu na X mm naabiBacM nponsBOjibnoe OTo6pa}KenHe x E X i-^ x* (z X, y;i,OBjieTBopaioni,ee TOJKflcCTBaM 

{x*y=x, (x + y)* ^x* +y*, {X-x)*^X-x*, x,y(ECTs[A], A e C. (0.2) 

BeKTop X E X nasMBaeTca eeinecmeeHHUM, ecjin on coBna/i,aeT co CBoen nnBOjnon^neH: 

X* = X. (0.3) 

ripn aaflannoii HnBOjiion;HH x ^ x* pji^i Bcaxoro BCKTOpa x G X onpeflcjienbi ero eeinecmeeHHaji h MHUMan 
uacmu: 

Rex= , \mx= . (0.4) 

2 2i ^ ' 



CsoflcTBa Rex u Im 



x: 



1°. BeKmop X d X eeinecmeeneH mozda u moAbKO mozda, Kozda oh coenadaem co ceoeu 6eiu,ecmeeHH0U 
uacmbm, uau, umo paenocuMbHO, Kozda y nezo mhumuji nacmb nyAeean: 

X* = X Rex = x ^=> lma; = 0. (0.5) 

2°. /Jaji ecHKOzo x & X eeKmopti Rex u \mx eeinecmeeHHU u ydoeAemeopHwm paeencmey 

x~Rex + i-\mx. (0-6) 
Hao6opom, ecAU Jam neKomopux eemecmeeHHux eeKmopoe a,b E X eunoAHnemcsi paeencmeo 

x = a + i-b, (0.7) 



7710 a = Rex u b = \mx. 
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3°. flAn ecfiKozo x ^ X cnpaeedAueu paeencmea 

X* — Rex — i ■ \m X, (0-8) 
Re{i-x)^~\mx (0.9) 
\m(i ■ x) = Rex. (0.10) 

4°. Omo6pamceHUH Re : X ^ X auhcuhu Had M, ydoeAemeopjnom paeencmeaM 

Re^ = Re, Reolm = lm, ImoRe^O, Im^ = 0, 
u UMemm o6pa30M W-nodnpocmpaHcmeo eeinecmeeHHUx eeKmopoe e X : 

ReX ^\mX ^ {x e X : x* ^ x} ^ {x e X : Re x ^ x} ^ {x e X : Imx^x}. (0.11) 

• PaeeHCTBO (j0.6p nasbiBaeTCH paaAOMcenueM na eeinecmeeHHyw u MHUMyw uacmu BeKTOpa x. 

• R-noflnpocTpancTBO (|0.11l) BemecTBenHbix BCKTOpoB b X nasbiBaeTCH eeinecmeeHHOu Hacmbw npocTpan- 
CTBa X. 

/(oKaaameAbcmeo. 1 . IlepBoe cbohctbo ;];0Ka3i>iBaeTca flByMS Li;enoHKaMH paBHOCHjibHOCTeft: 

* x + X* 

x =x <^=^ — ^ — =x <S=^ Rex = x. 

X 

X* — X <;==^ =0 lma:: = 0. 

2i 

2. BemecTBeHHOCTb Rex h Imx npoBepacTCH npsMbiM BbnHCjienHeM, a (J^opMyjia (|0.6p no;i;cTaHOBKOH. IlycTb 
a H & BemecTBeHHbi h BbinojiiuieTca (|0.7p . Tor/],a 

X* = a* + i • 6* = a — i • 6 

IlosTOMy 

a; + x* (a + i • &) + (a — i • &)* , x — a;* (a + i-b) — (a-i-b)* 

Rex ~ — - — = — a, Im x = — = = b. 

2 2 ' 2i 2i 

3. OopMyjia (jO.Sp cjie;;yeT h3 BemecTBSHHOCTH Rex h Ima:;: 

a;* = (Rea: + z • Ima;)* = (Re a;)* + i ■ (Ima;)* = Rea; — z • Ima;, 
a (|0.9p H (|0.10p H3 y>Ke flOKaaanHoro CBOiicTBa 2°: 

Re(i • a;) = Re(i • Re a; + • Ima;) = — Im x, 

lm(i • a;) = lm(i • Rex + • Im a;) = Rea;. 

4. ^OKa»ceM paBencTBO ReX = \mX. Bo-nepBbix, 

X €ReX 3y E X : x = Rey <^=> Rex = Re(Re?/) = Rey = x <S==> x* — x. 

II, BO-BTOpblX, 

X E \m X <^==> 3y E X : x=\my <^=> Rex = Re(lm y) = Im y = x <^===> x* = x. 

□ 

• EcjiH X - CTepeoTHnHoe npocTpancTBO, to uHeoAwnueii na X mm naabiBaeM BcaKyio hhbojiioii,hio x H> x* 
Ha X, KaK Ha BexTopoM npocTpancTBe, HOfl^^HHeHHyio flonojiHHTejibHOMy ycjiOBHio nenpepbiBHOCTH. B 
3TOM cjiynae na conpajKCHHOM CTepeoTHnnoM npocTpancTBe X* TaKJKe saflaeTca hhbojiioli;hh no (Jjopiviyjie 



/*(x)-/(x*), fex\ 
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npe/i,jio»<eHHe 0.1. Onepamopu 

PiD^fWeX, Q{g){x)^g{Rex)+fg{\rr,x), / £ Re(X^) .9 £ (ReX)^, (0.12) 

ReAfiiomcfi eaauMHO o6pamHUMU uaoMopcpusMaMU Meatcdy eeiu,ecmeeHHOu uacmbto X* u conpjiotceHHUM npo- 
cmpaHcmeoM Had noAtM M k eeui,ecmeeHHou uacmu X : 



Re{X^) = {ReX)^ (0.13) 

/(oKasameMbcmeo. 1. y6e;i,HMCH, CHanajia, hto fljia bchkofo g G Re(X£) OToSpajKCHHe Q{g) : X — > C HEjiaeTCH 
jiHHeiiHbiM Hafl C 4)yHKLi;HOHajiOM. AflflHTiiBHOCTB ero oiesHflHa, noTOMy hto g, Re h Im hbjihiotch a/mHTHBHbiMH 

0T06pa>KeHHHMH: 

Qig)ix + y) = Qig)ix) + Q{g)iy), x,y e X^. (0.14) 

Ho TBM >Ke npHHHHaM OHO OflHOpOflHO Hafl M: 

Q(g)(A-a;) = A-Q(g)(a;), x s X^, A G M. (0.15) 
SaMCTHM Tenepb flonojiHHTejibHO, hto 

Q{g){i ■ x) = g(Re(i • x)) + i ■ g{\m{i ■ x)) = (jlCTlD = 

= g{— \mx) + i ■ g{Rex) = i ■ (i ■ g(lm x) + g{Rex)) — i ■ Q{g){x) 

BMecTe c (|0.14p h (|0.15p sto ;i,aeT o;i,HopoflHOCTb Q{g) nafl C: 

Q(.g)(A ■ x) = Q(5)(ReA • x + i-\m\-x) = Q(g)(ReA ■ x) + Q{g){i • Im A • x) = 

= Q(5)(ReA • x)+i- Q(g)(lmA • x) ^ ReA • Q{g){x) ^ i ■ ImA • Q{g)(x) = 

= (ReA + i • ImA) • Q{g){x) = A • Q{g){x). 

2. HoKajKeM ^ajiee, hto pjin BCHKoro g G Re(Xp) OTo6pa>KeHHe Q{g) : X — 5- C HBjiaeTCH BemecTBeHHbiM 
4)yHKii,HOHajiOM B ^eiicTBHTejiBHO, 



Q{g)*{x) = Q{g){x*) = g{Rex*) + i ■ g{\m x*) = g{Rex) + i • g{- Im x) 



= (7(Re.x) — i ■ g{\m x) = ^(Rea;) + i ■ g{\n\ x) = Q{g){x). 

3. Mbi BHflHM, ^To Q OTo6pa}KaeT (ReX)^ b Re(X^). IIoKajKeM Tenept, hto 3to OToGpajKeHHe jihhchho na^ 
M. JXnsi jiio6hx g,h £ (ReX)^ 

Q{g + h){x) = {g + h){Rex) + i-{g + h){\mx) = {g{Rex) + i-g{\mx)) + {h{Rex) + i-h{\mx)) = Q{g){x) + Q{h){x). 

H flJIH BCHKOrO A G M 

Q(A • 5)(a:) = (A • g){Rex) + z ■ (A • 5)(lm x) ^ X ■ {g{Rex) + i ■ g{\m x))=\- Q{g){x). 



4. HiaK, Q HBjiaeTCH jiHHefiHbiM onepaTopoM h3 (ReX)^ b Re(X£). Hto KacaeiCH P, to oh OHeBHflHO aBjiacT- 
CH jiHHeiiHbiM onepaTopoM h3 Re(X^) b (ReX)^. HenpeptiBHOCTb sthx onepaTopoB cjie/i,yeT h3 HenpeptiBHOCTH 
OHepan,HH *, Re h Im. HaM ocTaeTca npoBepHTb, hto ohh BsanMHO o6paTHbi. Bo-nepBbix, ^jia jiK)6bix / G Re(X^) 

VL X X MBI nOJiyHHM 

Q(F(/))(.t) = F(/)(Rea;) + t ■ P(/)(lm x) = /(Rex) + t ■ /(Im x) = /(Rex + i • Im x) = /(x). 



H, BO-BTopbix, fljiH jiK)6bix (7 G (ReX)^ H X G ReX 



P{Q{g)){x) = Q(g)(x) = ^(Rex) + i ■ g{\m x) = .9(x) + i • g{0) = .g(x). 



□ 
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06o3HaHeHHe M ■ N. IlycTb X - jieBbiii CTepeoTHnHbifl MO^yjiB na/i, CTepeoTHnnoft ajireSpoii A. Ecjih M - 
noflnpocTpancTBO b A vl N - noflnpocTpancTBO b X, to mbi oSosHanaeM 

M ■ N = ■ e e iV, fc e n| (0.16) 

fl^jisi jik)6hx L,M,N CA 

{L-M)-N = L-{M -N) (0.17) 

fl^jisi jiK)6bix M,N CA 

M ■ N = M ■ N = M -N = M -N 

JleMMa 0.1. Uycmb : A B - MopcjjuaM cmepeomunHux aAseSp. Tozda 

(i) djisi AKi6ux nodMHOJtcecme M,N C A eunoAHJiemcji eKMOueHue 



ip{M ■ N) C ip{M) ■ ip{N) 



(a) dAM ecsiKozo Aeeozo (npaeozo) udeaAa I e A MHoatcecmeo ip{I) ecmb Aeeuu (npaeuu) udeaA e ^{A). 



/(oKasameAbcmeo. HacTb (i) OTMenajiacb b [1, Lemma 13.10], nosTOMy ocTaeTca ;i,OKa3aTi> (ii). IlycTb b G ip{A) 
H y G fil)- Tor^a 

b < — (p{a,), y i — (p{xj), 
fljisi HCKOTopbix HanpaBjieHHOCTeii ai G A n Xj E I. OTCiofla 

b ■ y i — (p{ai) ■ y i — (p{ai) ■ ip{xj) = (p{ai ■ Xj). 



H nosTOMy b ■ y G ip{I). □ 

HHBOJIHDTHBHblH CnGKTp. 

• HHeoAwmueHUM cneKmpoM Spec(A) hhbojiiothbhoh CTepeoTiinHoii ajire6pbi A nafl C mbi nasbiBaeM mho- 
JKCCTBO ee uHeoAwmuBHux xapaKmepoe, to ecTb roMOMop4)H3MOB s : A ^ C (nenpepbiBHbix, hhbojiiothb- 
Hbix H coxpaHHromHx epfmmiy) . 3to MHOJKecTBO mbi naflejiaeM Tonojiorneft paBHOMepHoft cxo/i,hmocth na 
BnojiHe orpaHHT^CHHbix MHOJKecTBax b A. 

JleMMa 0.2. Uycmb ip : A ^ B - UHeoAmmueHuu zoMOMopcfiusM cmepeomunmix aAze6p, npuucM A KOMMy- 
mamueHa, B - C* -aAze6pa u ip{A) nAomno e B. Tozda 

(i) dAM ecMKOu moHKU t G Spec(_B) eunoAHHemcsi paeencmeo 



V5(Ker(io(^)) Keri (0.18) 
(ii) dAH ecsiKou mouKu s G Spec(A) \ (Spec(i?) o ip) eunoAHnemcsi paeeHcmeo 



p{Ker s) = B (0.19) 

/(oKasameAbcmeo. 1. ITycTb t G Spec(_B). ITpejKfle Bcero, 

a G Ker(< o ip) t{p(a)) = {t o p){a) — 'pia) G Keri. 



OTCio;i,a (^( Ker(i o </?)) C Keri, h nosTOMy (p( Ker{t o i^)) C Kert. 

IlycTb HaoSopoT, b G Kert. IlocKOJibKy ip{A) hjiotho b B, fljia BCSKoro e > mojkho no/i,o6paTb sjicmcht 
£ A TaKoii, hto 

\\b-p{a^)\\ < e. 

IIOJIOJKHM 

4 = - t(ip{ae)) ■ Ia- 

Torfla, BO-nepBbix, 

t{ipia'^)) =t{p{a,)) ~t{p{a,)) -tipiU)) =0. 
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To ecTB a'^ G Ker(i o Lp). A. BO-BToptix, 

Ma,) - ip{a'^)\\ = \\ip{a,) ~ ip{a,) + t{^{a,)) ■ <^(U)|| = \t{if{a,)) \ = | -t((^(ae)) | ^ |li|| • ||6 - ^{a,)\\ < e. 

II 



OTCio;i,a 

\\b - ipia',)\\ < \\b-ipia,)\\ + \\ip{a,)~ip{a',)\\<2e. 
Mbi nojiyi^HjiH, HTO fljia jiio6i>ix b G Kerf h e > HafiflCTca sjieMCHT G Ker{toip) TaKoii, ^^to ||6 — 93(a^)|| < 2e. 
3to ^OKasbiBaeT EKjiioneHHe Lp(^ Ker{t o (p)) D Kert. 

2. 3a(J)HKCHpyeM s G Spec(A) \ (Spec(i?) o if), fljisi bchkoh tohkh t G Spec(_B) HaftfleTCH sjieMeni xt G ^, 
OT;;ejiaiOLn,Hii s ot t o ip: 

s{x) =^ i((/3(a;t)). 

KaK cjieflCTBHe, sjieivieHT at = xt — s{x) ■ Ia aoji^kch o6jiaflaTi> cbohctbom 

s{at) = s{xt) - s{xt) ■ s(1a) = s{xt) - = (0.20) 

H CBOHCTBOM 

t((p(at)) = t{ip{xt)) - sixt) ■ t{ip{lA)) = t{ip{xt)) - sixt) + 0. (0.21) 
Ha (|0.2ip cjie;i,yeT, hto MHOJKCCTBa 

C/t = {r G Spec(^) : r{at) ^ 0} 
noKpbiBaiOT KOMnaKT Spec(_S) o ip. Shrmht, cpe;];H hhx HMeeTCs KOHCHHoe no;];noKpbiTHe t/^^, Ut^\ 

71 

U iJt, D Spec(B) o 

i=l 

IIOJIOJKHM 



a = ^at,- al . 

1=1 

3tot sjieMCHT B TOHKC s paBCH Hyjiio, noTOMy HTO B CHjiy (|0.20p . Bce at- b hch paBHbi nyjiio, 

n 

s{a) = ^ s{ati) ■ s(at J = 0. 
1=1 

KaK cjieflCTBHC, a G Kers, h SHa^HT, 

(p{a) G (/9(Ker s). 

A, c ;],pyroH; CTopoHbi, sjieMCHT </9(a) otjihhch ot nyjia BCio^y na Spec(i?), noTOMy hto na Ka}K;i,OH tohkc 
t G Spec(i?) KaK0H-HH6yflb sjieMCHT (p{at-) otjih^ch ot nyjiH: 

n n 

%(a)) = ^t((^(atj) • t(^K)) = ^ |t((^(atj)|' > 0. 
1=1 1=1 

To ecTb (/9(a) otjih^ch ot nyjia BCio^y na cncKTpe Spec(i?) KOMMyTaTHBHOfl; C*-ajire6pbi B = C{Spec{B)), h 

KaK CJICflCTBHC, OH o6paTHM B B: 

b ■ ip{a) = 1b 

fljiH HCKOToporo b G B. HocKOjiBKy Sflccb (p{a) jicjkht b jicbom Hfleajie ip(Ker s) ajire6pbi B = ip{A) (ho jicmmc 
lO.lT ii)). Mbi nojiy^acM, hto 1b tojkc jicjkht b ip{Ker s). HosTOMy 



V5(Kers) D B ■ ip{Ker s) D B-1b^ B. 

□ 

Cjie^CTBHe 0.1. Uycmb ip : A ^ B - UHeoAwmueHuu zoMOMopcpusM cmepeomunHux aAzeSp, npuucM A 
KOMMymamuBHa, a B - C* -aA3e6pa. Tozda Bam bcmkou moHKU s G Spec(A) \ ^Spec (^ip{A)^ o ip^ eunoAHSiemcM 
paeeHcmeo 

ip{Kers) ■B = B (0.22) 

/JoKaaameAbcmeo. Ho jicmmc HT^T ii) . MH0>KecTB0 </?(Kers) coflepjKHT eflHHHD,y ajireGpti ^p^A), KOTopaa coBna- 
flacT c eflHHHD;eH ajire6pbi B: 

ip{Ker s) 3 1b- 

nosTOMy 

ip{Kers) ■ B D ip{Ker s) ■ B DIb ■ B = B. 

□ 
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§ 1 JToKajibHO BbinyKJibie paccjioeHHa h ^HcJjcJjepeHL^HajibHO-reoMeT- 

pHHeCKHe KOHCTpyKI],HH 

HaM noHa/i,o6aTca neKOTopbie cjaaKTbi h3 TeopnH paccjioenHH TonojiorH^^ecKHx BeKTopHBix npocTpancTB. B 3tom 
H3Jio>KeHHH Mbi cjieflyeM HfleojiorHH MonorpacJjHH M. iK. ^ronpe h P. M. ^KnjiCTTa 
HaM 6yfleT y;i,o6HO cpasy BBecTH cjie/iyiomee onpeflejieHHe. 

• PaccAoenueM eeKmopnux npocmpaHcme nap, nojiCM C mbi 6yfleM HasbiBaTb ceMepxy (S, M, tt, •, +, {Of; t S 

M}, — ), B KOTOpOH 

1) S - MHO>KecTBO, HasbiBaeMoe npocmpaHcmeoM paccAoenuji, 

2) M - MHOJKecTBO, HasbiBaeMoe 6a30u paccAoenuH, 

3) TT : S — > Af - Hx dopteKTHBHoe OToGpajKeHne, nasbiBaeMoe npoeKv,ueu paccAoenufi. 

4) • : C X S — > S - OToGpajKeHHC, nasbiBaeMoe uocaouhum yMHoatceHueM na cKaAsipu, 

5) + :SnS— - OToGpajKCHHe, nasbiBaeMoe uocaouhum cAootccHuej^ 

M 

6) {Ot'i t e M} - ceMeficTBO sjieMCHTOB npocTpancTBa S, nasbiBaeMbix hi/ammu. 

7) — : S — )> S - OToSpajKCHHe, HasbisaeMoe uocaouhum o6pauj,eHueM, 

npHHCM pjiR KajKfloii tohkh t e M oncpaii;HH •, +, — c sjieMCHTOM Of sapamT na npoo6pa3e Sf :— Tr^^{t) C 
S (nasbiBaeMOM caobm nad uiohkou t) CTpyKTypy BeKTOpnoro npocTpancTBa c HyjieM Of . 

• CeueuueM BCKTopHoro paccjioeHHH (S, M, tt, •, +, {Of ; t G A/},—) mh HasbmaeM nponsBOjiBHoe OToGpa- 
jKCHHe a; : Af — )■ S TaKoe, ^^to 

TT O X ^ idM • 

• UodpaccAoenueM BCKTopHoro paccjioenHH (S, Af, tt, •, +, {Of ; t £ Af},— ) mbi nasBaeM bchkoc noflMHOJKe- 
CTBO 5* B S nepece^CHHe KOToporo c KajK^biM cjioeM ■K~^{t) oGpasiieT b hcm (nenycToe) BCKTopHoe no/i,npo- 
CTpaHCTBO. HoHHTHO, HTO 5* Sy^CT paccjiocHHeM Ha/i, Toii jKe Gasoii OTHOCHTejibHO Tex jkc CTpyKTypntix 

SJieMCHTOB. 



(a) JloKajifaHO BfainyKJitie paccjioeHHa 



• IlycTb paccjioeHHC bcktophbix npocTpancTB (S, Af, tt, •, +, {Of ; t G Af},— ) nafl C Haflejieno cjieflyiomeii 
flonojiHHTejiBHOii CTpyKTypoii: 

1) npocTpancTBO paccjioeHHs S h 6a3a paccjiocHHs A/ HaflCjiCHbi TonojioriiHMH, othochtcjibho KOToptix 
npoeKi];HH tt : S — A/ HBjiaeTCH (ne tojibko dopTjeKTHBHtiM, ho h) HcnpepbiBHbiM h otkpbitbim 
OToSpajKeHHeM , 

2) saflano MHOJKecTBO P 4)yHKLi,HH p : S — )■ R^., naabiBaeMbix noAynopMUMU, 
npHHBM BbinojiHHiOTCH cjic/iyiomHe yCJIOBHH: 

(a) Ha KajKflOM cjioe Tr^^{t) orpaHH^^enHH p|^-i(f) : Sf —J- 4)yHKii,Hfi p V npeflCTasjiHiOT co6oh 
CHCTeMy nojiynopM, onpe/i,ejiHK)iii,HX CTpyKTypy (oTflejiHMOro) jiOKajibHO BbinyKjioro npocTpancTBa 
na Tr^^{t), Tonojiorna KOTOporo coBnaflacT c HHflyD;HpoBaHHOfl: h3 S, 

(b) OToSpajKCHHC nocjiOHHoro yMHOJKCHHH Ha CKajiapbi C x S — > S HcnpcpbiBHo: 



(c) OToSpajKCHHC nocjiOHHoro cjiojKeHHill S n S S HcnpepbiBHo: 

U^ A C. .A C, = AQ), AO = AC)) =^ 6: + c, .A e + C- 



^3^ecb nofl ^ n H noHHiviaeTCH paccjioeHHoe npoiiSBCfleHHe H na ce65i na^ M, to ecTb noflMHo:a^ecTBO ^eKapTOsa npoiiSBeflenHH 

A/ 

X S, cocTOsimee h3 nap (^,C) TaKHx, mto 7r(^) = '^CC)- 



2 

X H, cocTOsimee h3 nap (^,C) TaKnx, "^to 7r(^) = 7i"CC) 



3^ecB no^ ^ □ H noHHMaeTCH paccjioenHoe npoHSBeAeHne na ce65i na^ _A/, to cctb noflMHOyKecTBO /^CKapTOBa npoHSBe^eHnH 
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(d) BcaKaH nojiyHopMR p G V npeflCTasjiaeT co6oh nojiynenpepbiBHoe csepxy OTo6pct»ceHHe p : H — > M_|_, 
TO ecTb pflR jiK)6oro e > MHOxcecTBO tohck € S : p(^) < e} otkpbito, hjih, hto to jkc caMoe, 



jlJis no^TH Bcex i 



(e) fl^Jlil JII06OH TOHKH t G M H BCSKOH OKpCCTHOCTH V TOHKH Ot B S HaH;i,yTCH HOJiyHOpMa p G ^HCJIO 

£ > H OTKpbiToe MHOxcecTBO U B M, co/^ep^aii^ee xaKne, hto 

{^e7r-i(C/): p{0<e}CV. 

HHblMH CJIOBaMH, BbinOJIHHeTCa HMnjIHKail,HH 



z— >-oo 



Tor^a CHCTCMy (S, M, tt, •, +, {Ot; < G M}, — ) c onHcanHbiMH TonojiorHHMH na M h ^ h CHCTeMoft nojiy- 
HopM V Mbi HasBiBaeM paccAoeuueM aokumho eunyKAUx npocmpaHcme. 

SaMenaHHe 1.1. ycjiOBne (b) b stom cnncKe mojkho aaMeHHXb na (J)opMajibHO 6ojiee cjia6oe ycjiOBne, hto fl/ia 
BCHKoro A G C OTo6pajKeHHe yMHOJKeHHsi ^ X ■ ^ nenpepbiBHO h3 S b E: 

A e =^ VA € C A • A A • e 

^CHCTBHTejIBHO, npH BBinOJIHeHHH 3TOrO yCJIOBM H3 Aj — >■ A H — >■ ^ 6y/I,eT CJie;i,OBaTB C O/piOii CTOpOHBI, 

Vp e P p{\i-^i - A • Ci) ^ |Ai - A| -^(^0 A 



a c ;ipyroH, 



BMecTe B CHjiy (e) sto ;i;aeT 

Ai • 6 - • 0^(C)i 

a 3T0 B CBOK) 0Hepe;pj b CHjiy (c) ;;aeT 

A^ ■ ^^ = A, • - A • + A • A 0,(4) + A • C = A • e 



4. i 

SaMGMaHHe 1.2. H3 ycjiOBHit (b) h (c) cjie/iyeT, hto b (c) mojkho saMCHHTb nocjioiiHoe cjioJKeHHe nocjioiiHbiM 

BblHHXaHHeM: 

Ui A ^, Ci A c, TTte) = 7r{Q), 77(0 = 7^(0) ^ - Ci A e - c- (1-1) 

npe/i,jio:»ceHHe 1.1. B jionaAmo eunyKJioM paccjioenuu (S,M, tt) coomnomenue 



aneueaAenmHO cAedytou^UM ycAoeuHM: 



(i) 7r(e.) A 7r(0, 

('m^ (9^1.;? ecsiKou noMyuopMU p €V u aio6ozo e > cymecmeyem HanpaeAeHHOcmb Q € E u aAeMenm ( € S 
manue, nmo 

Ci A C 7r(C0 = , 77(0 = 7^(0, PiC - < P(Ci - ^0 < £ • (1-2) 

^^oo N / s / 

(9^^ noumu ecex i djiH noumu ecex i 
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/JoKaaameMbcmeo. IIohhtho, hto s^ecb HyjKHO ;i;OKa3aTi>/],ocTaTO^HOCTi>. IlycTb BbinojiHeHbi (i) h (ii). SacjDHKCH- 
pyeM pe'PHe>OH nofl6epeM nanpaBjieHHOCTB Q , onncaHHyio b (ii) . IlycTb V - npoHSBOjiBHaa OKpecTHOCTB 

TOHKH ^ B E. IIoCKOJIbKy OToSpajKeHHC TT OTKpblTO, o6pa3 n(V) MHO>KeCTBa V flpjUKen 6bITb OKpeCTHOCTBK) 

TOHKH 7r(^) B M. IIosTOMy H3 ycjiOBHH 7r(^i) 7r(^) cjieflyeT, hto hohth Bce tohkh 7r(^i) jiejKaT b TT{y). 

3iv ■ yi ^ iv T^i^i) G '^{V)- 
Snai^HT, cymecTByiOT tohkh {CY'i i ^ 'i-v} TaKHC, hto 

C G V, 7r(Cr) = n{^,). 

Mbi nojiyHHjiH flBOHHyio nanpaBjieHHOCTb {(Y ; V ^ U{£,), i ^ iy}, b KOTopoii BepxHiifl: hh^ckc V npo6cra- 
eT CHCTCMy Z^(^) Bcex OKpecTHOCTefi tohkh ^ b S', ynopH;i,OHeHHyK) no BRjiio^eHHio b CTOpony cyjKenHa, co 
cjie^yiomHMH CBOiicTBaMH: 

z — J- oo 

BMecTe c ycjiOBHSMH 7r(^) = 7r(^), tt^Q) — ""(^i) (a-hs hohth Bcex i) h Q ^ h3 (|1.2p sto b CHjiy (jl.ip ;i,aeT 

2— f OO 

cooTHOineHHC 

Oho, b cbok) onepeflb, BMecTe c HepaBCHCTBOM p(C — ^) < e h3 (|1.2p . b CHjiy (d), ^aeT nepaBencTBO 

p(C. - CD < e. 

(BepHoe fljia noHTH Bcex «), h3 KOToporo 3aTeM BbiBOflHTCH nepaBeHCTBO 

e 

- CY) = - C. + - CD ^ pi^^)+PiQ -C)<e + e = 2e. 
(TaKJKe BcpHoe p^jisi no^iTH Bcex i). ^o6aBHB k HeMy o^eBHflHoe cooTHOineHHe 

^(6 - CD = 46) A n{0 



MBI, B CHjiy (e) nojiyHHM: 



Tenepb, npHMCHHa: (c), mbi nojiynaeM: 



HenpepbiBHbie ceHeHHH jioKajibHO BBinyKJioro paccjioeHHSi. 



□ 



• HenpepueHUM ceneHueM AOKajitno eunyKJiozo paccAoeHun vr : S — > Af Ha3BiBaeTca bchkoc nenpepBiBHoe 
OTo6pa>KeHHe a; : M — > S TaKoe, hto 

IT O X —\Am ■ 

MnojKecTBO Bcex nenpepBiBHBix ceneHHii o6o3HaHaeTCH Sec(7r) h HaflejiaeTCH CTpyKTypoit jiCBoro C{M)- 
MOflyjiH H Tonojiorneii paBHOMepnoii cxoahmocth na KOMnaKTax b M. 

CBOHCTBa HenpepbiBHbix ceHeHHii: 
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1°. UpocmpaHcmeo Sec(7r) Henpepuenux ceueHuu ecsiKozo AOKaAbHO eunyKAOzo paccAoenuH tt : S M 
Had npouaeoAtHUM napaKOMnaKmnuM AOKaAtno KOMnaKmnuM npocmpaHcmeoM M jisAJiemcM AOKaAbHO 
eunyKAUM C{M)-ModyAeM omHocumeA'bHO nocAOUHOzo yMHOotcenuM 

{a ■ x){t) = a{t) ■ x{t), a £ C{M), x £ Sec(7r) 

u noAynopM 

Pt{x) = supp(a;(i)), p £V. 

zde T - eceeo3M0MCHue KOMnaKmu e M . 

2° . Ilycmb M - napaKOMnaKmnoe AonaAtHO KOMnanmHoe npocmpaHcmeo, it : S M - AOKaAbHO eunyKAOe 
paccAoenue, u X - C{M)-nodModyAt> e C{M)-ModyAe Henpepuenux ceueHuu n, 

X C Sec(7r) 

nAomnuu e KaofcdoM CAoe: 



\fteM {x{t), X e X} ^n-\t). (1.3) 

Tozda X nAomen e Sec(7r); 

X Sec(7r). 



/J^OKosameAbcmeo. 1. Ecjih x £ Sec(7r) h a G C{M), to nocjiofraoe npoH3BefleHHe a ■ x 6yfleT HenpepbiBHBiM 
ceneHHeM H3-3a CBOiicTBa (b): 

U t =^ {a{ti) ait), x{U) x{t)) =^ a{ti) ■ x{U) a{t) ■ x{t). 

Ecjih T - KOMnaKT b A/, to f^jisi bchkoto nenpepbiBHoro ce^ieHHH x £ Sec(7r) o6pa3 x{T) HBjiaeTCH KOMnaKTHbiM 
npocTpancTBOM b S. KaK cjieflCTBue, o6pa3 p{x{T)) npn nenpepbiBHOM OTo6pa>KeHHH pg7'h3SbRc tohojio- 
rHcii, nopojKfleHHOfi 6a30H otkpbitbix MHOJKecTB BH^a (— oo,£), TOiKe flOjiJKen Gbitb KOMnaKTHbiM noflMHOJKe- 
CTBOM B R. HosTOMy YSOKflpe ero noKptiTne MHOJKecTBaMH BH^a (— c»,£) co^epsKHT KOHCHHoe noflnoKpbiTHe, h 
3TO 03HaTiaeT, hto p{x{T)) orpanHHCHO b R b oSbihhom cmbicjic. To ecTb KOHCHna BCjiHHHHa 

Pt{x) = supp{x{t)). 

Ona, OTjeBHflHO, 6yfleT nojiyHopMoii na Sec(7r), h h3 i^chohkh 

Pt{(i ■ x) = supp(a(t) • x{t)) ^ sup I \a{t) \ ■ p{x{t)) j ^ sup \a{t) \ ■ snpp{x{t)) 

cjieflyeT, hto TaKue nojiynopMbi npeBpamaiOT Sec(7r) b jiOKajibuo BbinyKjibiii C(Af )-MO^yjib (c cobmcctho nenpe- 

pblBHblM yMHO>KeHHeM) . 

2. IlycTb y £ Sec(7r) h e > 0. H3 (|1.3p cjie;i,yeT, hto fljia jiio6oh nojiynopMbi p £ V vl bcskoh to^ikh t £ M 
cymecTByeT nenpepbiBHoe ceHenue xt £ Sec(7r) co cbohctbom 

p{xt{t) - y{t)) <e. 

H3 Toro, UTO nojiyuopMa p nojiynenpepbiBHa CBcpxy (a OTo6pa}KeHHH Xt ^ y HenpepbiBHbi) , cjie^yeT, mo mho- 

JKCCTBO 

Ut = {s £ M : p{xt{s) - y{s)) < e} 
OTKpbiTO, H nosTOMy sBjiHeTca OKpecTHOCTBK) TOHKH t. KaK cjieflCTBue, ceMeiicTBO {Ut] t £ M} HBjifleTca 

OTKpblTbIM nOKpblTUeM UpOCTpaHCTBa M. 

3a4)HKCHpyeM Tcnepi. KaKOH-HH6yflb KOMuaKT T C M. Ero noRpbiTue {Ut; t £ T} coflepjKHT nexoTopoe 
KoneHHoe noflnoKptiTHe {Ut^, C^t„}- no/i,6epeM uoflHuneHHoe eiviy pa36HeHHe eflHHHu,iji 

n 

Os;a, suppose /7t,, ^a,(t) = l {t£T) 

i=l 

H nOJIOJKHM 

n 

X ^'^ai ■ xt^ 

i=l 
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(nocKOjiBKy Sec(7r) ecTb C{M)-Mopym>, x G Sec(7r)). Tor^a 

(n n \ 

V ai{t) ■ xt^ (t) - V a,{t) ■ y{t) = 

(n \ n n 

Va,(t) • {xt,{t) - y{t)) ^ sup Va,(t) ■p{{xt,{t) - y{t))) < sup^ a,{t) ■ e = e. 

□ 

3a/j;aHHe jioKajibHO BbinyKJioro paccjioeHHH CHCTeMaMH ceneHHii h nojiyHopM. 
IIpeflJiojKeHHe 1.2. Uycmb danu 

1) paccAoeHue eeKmopmix npocmpaHcme (S, M, tt, •, +, {Ot; t G Af}, — ) Had C, 
eeKmopHoe npocmpaHcmeo X ezo ceHeHUU, 

3) cucmeMa V (pyuK'nuu na S , 

4) monoAozuH na 6a3e M, 

npuHCM eunoAHSimmcsi CAedymiu,ue ycAoeuji: 

(i) Ha KacHcdoM CAoe ozpaHUHenuji p\T^-i(^tj cj}yHKV,uu p 6 V oSpaaymm cucmcMy noAynopM, npeepamamvuym 
-K^^it) e (omdeAUMoe) MOKUAbHO eunyKAoe npocmpaHcmeo; 

(a) cucmcMa V HanpaeAcna no eoapacmaHuw: Bam ak}6ux deyx cj}yHKy,uu p,q ^ V naudemcsi (^yHKVjUfi r €: V, 
Maotcopupytoui,aji p u q: 

p{v) ^ r{v), q{v) ^ r{v), v £ S (1-4) 

(Hi) dAM AwBozo ccHCHUfi X d X u Aw6ou noAynopMu p d V cfiyuK'nu^ t g Af i— >■ p(x{t)) noAyHenpepuena 
ceepxy na M , 

(iv) Basi ecfiKou mouKU t £ M MHoatcecmeo {x{t); x G X} nAomno e MOKaAbHO eunyKAOM npocmpancmee 

Tozda cyiu,ecmeyem eduHcmeeuHaji mononozusi na E , HCoBxoduMaR Baji mozo, Hmo6u cucmcMa (S, M, tt, •, +, {Ot; 
M}, — ) c aadauHoU monoAozueu na M u cucmcMou noAynopM V npeepamuAacb e paccAoenue AOKaAbHO eu- 
nyKAux npocmpancme, MuoMcecmeo Hcnpepuemix cchchuu Komopozo codepoKum X: 

X C Sec(7r). 

Upu smoM 6a,3y maKou monoAozuu e S o6pa3ymm MHOMcecmea euda 

W(x, f/,p, e) = {e e S : ^(0 kp{^~ x(7r(C))) < e}, (1.5) 
zde X £ X , p G V , e>0 u U - omnpumoe Muomcecmeo e M . 

floKaaamcAbcmeo. 1. HoKasceM CHanajia, hto MHOJKecTBa (|1.5p ^eitcTBHTejibHO o6pa3yiOT 6a3y HeKOTopoii to- 
nojiorHH B E. IlpejKfle Bcero, ohh noKptiBaiOT S, noTOMy hto ecjiH ^ G S", to h3 ycjiOBiia (iii) cjieflyeT, ^^to ^jih 
jik)6mx e > vl p E V HaiifleTCH x £ X TaKoii hto 

Pi^~xi7rm<e, 

H ecjiH Tenepb Bbi6paTb KaKyK)-HH6yflfc OTRpBiTym OKpecTHOCTB U tohkh 7r(^), to tohkr ^ 6y;i,eT jiejKaTB b 
MHOJKecTBe W{x, U,p,s). 

HpoBepHM flajiee BTopyio aKCiiOMy Gasbi: paccMOTpHM TOHKy ^, KaKHe-HH6yflb ee 6a3HCHbie okpccthocth 
Wix,U,p,e)^Wiy,V,q,S), 

ieW{x,U,p,e)nW{y,V,q,S), (1.6) 
H noKajKeM, hto cymecTByeT ee 6a3HCHaa OKpecTHOCTb W{z, O, r, a) TaKaa, hto 

^eWiz,0,r,a)CWix,U,p,e)nW{y,V,q,S). (1.7) 



§ 1 . JIoKajibHO BbinyKjibie paccjioeHHs a flH(p(]jepeHLi,HajibHO-reoMeTpHHecKHe KOHCTpyKnfiii 



13 



BKjiiOHeHHe (jl.6p osHanaeT BBinojiHCHHe ycjiOBHii 

7r(e)et/, Me - < e, ^(Og^, q{^-y{<0))<5. (1.8) 

PaccMOTpHM cjioit 7r^^(7r(^)). YcjiOBHa 

p(e-^WO))<£, q{i~y{<m<5 (1.9) 

MOJKHO noHHMaTb TaK, T?TO TOHKa ^ jiejKHT B nepeceHCHHii OKpecTHOCTeii ToneK x(7r(^)) h y(7r(^)), onpeflejiaeMtix 
nojiynopMaMH p n q c pa^HycaMii end. HosTOMy (s^ecb mm HcnojibsycM (ii)) cymecTByei HCKaa nojiynopMa 

r G 7^ H HHCJIO (7 > TaKHC, T^TO r-OKpeCTHOCTb TOHKH ^ pa/],HyCa 2(7 COflepJKHTCH B OnHCaHHblX p- H q- 

OKpecTHOCTsx: 

VCe7r-i(7r(0) r(C-C)<2a =^ (p(C - a;(^(C))) < £ & 9(C - 2/(^(0)) • (1-10) 
HeMHoro yMeHbniHM a, ecjiH sto Heo6xoflHMO, xaK, HTo6bi ycjiOBHH (jl.9p mo>kho 6hjio saMenHTb na 

P(C " 2;(7r(0)) < e - 2fT, - 1/(^(0)) < ^ - 2a. (1.11) 

BocnojibsycMCH saTCM ycjiOBHeM (iv) h BBi6epeM cenenHe z € X TaK, hto6h 

r{z{TT{^)) ~ < <y- (1-12) 

Torfla MH nojiy^HM ii,enoiKy HMnjiHKai^Hfl: 

KC - <7r(C))) < a =^ r(C-C)<r(C-z(7r(e)))+r(z(7r(C))-0<'^ + '7 = 2a ^ 

^ (p(C - a;(^(0)) < £ & g(C - 2/(^(0)) < '5). 
Hhmmh cjiOBaMH, B cjioe 7r~"'^(7r(^)) r-OKpecTHOCTb pa^Hyca cr tohkh z(7r(^)) TaKJKe coflepjKHTCH b onHcanHbix 

p- H g-OKpeCTHOCTHX: 

VCe7r-i(7r(C)) r(C - z(7r(C))) < a ^ (p^C, - x{^{0)) < e & g(C - 2/(^(0)) < ^) • (1-13) 
SaMCTHM, HTO B CHjiy ycjiOBHs (ii), MOJKHO CHHTaTb, HTO nojiynopMa r Ma>KopHpyeT nojiynopMbi p h g, to ecTb 

BbinOJIKHCTCa p.4p . IlpHMeM 3T0 H paCCMOTpHM MHOJKeCTBO 

= {se[/nV: p(z(s) - a;(s)) < e - cr & g(z(s) - j/(s)) < (5 - cr} . (1.14) 
B CHjiy (iii) oho otkpbito b AI . KpoMe Toro, oho co^epjKHT TO^ixy 7r(^), noTOMy hto, BO-nepBbix, 7r(^) ^ U C\V 

B CHJiy (jl.Sp . BO-BTOpblX, 

p(z(7r(e)) - x{^{m < p(z(7r(e)) - i) +p(C - x{^{0)) <e-a, 

A\ (TD A (iTTI 

A 1021 

H, B-TpeTBHX, 

p(z(^(0) - y(7r(e))) ^ V{z[i:[i)) - i) +p(e - y(7r(e))) < 5 - <t. 

^ ^ ^ ^ ^ ^ 

A\ (Tj) A n~m 

A nT2i 

BRjHQT^eHHe 7r(^) G O BMecTe c ycjiOBHCM (|1.12p osHanaiOT 

e e W^(z,0,r,CT). (1.15) 

^ajiee, /],jih bcskoh tohkh C G — mm HOjiyHHM 

7r(C)GO & r(C - z(7r(C))) < a ^ p(C - x(7r(C))) < p(C - ^7^(0)) +^^^(0) " a:(7r(C))) < £ 

^ ^ ^ ^ ^ ^ 

A\ (1-4) A n~T4l 
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H nosTOMy 

W{z,0,r,a) C W{x,U,p,e). 

AnajiorHHHO, 

Wiz,0,r,a)CWiy,V,q,S). 

BMecTe c (|1.15p 3to ;i,aeT (|1.7p . 

2. HxaK, MH noHHjiH, T^TO MHOJKecTBa (jl.Sp oSpaayiOT 6a3y HeKOTopoii TonojiorHH na S. SaMeTHM Tenept, 
HTO OTHOCHTejibHO 3TOH TonojiopHH OToGpajKCHHe TT : S — > M HenpepbiBHO H OTKpbiTO. nycTb 

PaccMOTpHM npoH3BOjibHyio OKpecTHOCTb U TOHKH 7r(^). BM6epeM KaKyio-HH6y/i,b nojiynopMy p G 'P, h, nojib- 
syHCb ycjiOBHCM (iv), no;i,6epeM ceneHHe x G X tslk, htoGbi — a;(7r(^))) < 1. Tor^a MHOJKecTBO W{x, U,p^ 1) 
Gy^eT OKpecTHOCTbK) tohkh ^, nosTOMy ^ e U,p, 1) fljia no^iTH Bcex i, a OTCio;i,a cjie/i,yeT, hto 7r(^i) G C/ 

no^^TH Bcex i. 3to flOKaatiBaeT cooTHOineHHe 

2— f OO 

TO ecTb HenpepbiBHOCTb tt. 

Tenepb paccMOTpiiM npoHSBOjiBHyro SasHcnyio OKpecTHOCTb W{x, U,p,e). ITpH npoeKLi,HH tt ona OTo6pa}Ka- 
eTCH B OTKpBiToe MHOJKecTBO U, npHHCM CK)pT>eKTHBHO, HOTOMy HTO y KajKflOH TOHKH t ^ U HafifleTCs npoo6pa3 
a;(0 G M^(x,;7,p,e). 

3. HoKajKeM ;i,ajiee, hto OTHOCHTejibHO nojiyneHHOH TonojiorHH b 5 BCHKoe ceneHne x G X 6y^eT nenpepbiB- 
HbiM OToGpajKeHHeM. riycTb 

PaccMOTpHM KaKyK)-HH6yflb 6a3HCHyio okpccthoctb W{y^ U,p, e) tohkh x{t). YcjiOBHe x{t) G W{y, U,p, e) oana- 
HaeT 

teU, p{x{t)~y{t)) <e. (1.16) 

IIOJIOJKHM 

F = {s G [/ : p{x{s) ~ y{s)) < e}. 
B CHjiy ycjiOBHs (iii) 3to MHO>KecTBO otkpbito b M . B CHjiy (jl.l6p oho coflepjKHT TOHxy t, to cctb HBjiaeTCH 

OKpeCTHOCTBHD TOHKH t. HoSTOMy ^JIH HOHTH BCCX HHfleKCOB 1 Mbl HOCJieflOBaTejIBHO HOJiy^^aCM 

Gl/ =^ p(a;(tO - 2/(^2)) < e ^ x{U) ^W{y,V,p,e)^W{y,U,p,e). 
3to ^OKa3biBaeT cooTHOineHHe 

A (1.17) 

TO ecTb neHpepbiBHOCTb x. 

4. Tenepfa HanneM npoBepHTb, hto OTHOCHTejiBHO saflaHHOH tohojiophh na S TpoHKa (S, M, tt) CTanoBHTCH 
paccjioeHHeM jiOKajibHO BbinyKjibix npocTpancTB. IIpoBepHM npejK/ie Bcero nenpepbiBHOCTb nocjiOHHoro yMHO- 

JKCHHH Ha CKajIHpbl. IlyCTb 

A, ^ A, 6 .A C 



PaccMOTpHM CHanajia cjiy^aft A ^ 0. BbiSepcM KaKyio-HH6y;];b OKpecTHOCTb s) tohkh A • ^: 

^(A-Oet/, p(A • e - a;(^(0)) < e. 

ToFfla 

TO eCTb MHOJKecTBO ^ j • [/, p, HBJIHeTCH OKpCCTHOCTBIO flJIH TOHKH ^, H HOSTOMy G ^ j • X, C/, p, j|y^ 

;i,jiH HOHTH Bcex i: 

3*0 Vz ^ zo 7r(^,) G C/, P - ^ • < ^- (1-18) 

Tenepb fljiH hohth bccx i nojiynaeM 
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P{K ■ £.i - x{TT{Xi ■ ^i))) = p{Xi ■ - x{7r{Ci))) = \Xi\ 'Pyii~ ^ ' 2^(7^(6:)) j < 



|A.| + 



A 
2|A| 



A (TTs 



Pp6aBjisiii K STOMy ycjiOBHe n{^i) G C/ h3 (|1.18p . mh nojiynaeM 

A, • e» e C/,p, 3e + e • pix{n{0))) 

flJiR no^^TH Bcex i. HocKOjibKy e BbiGnpajica npoHSBOjiBHbiM, 

A. -C. Aa-C. (1.19) 

Tenepb paccMOTpHM cjiynaH A = 0. Bbi5epeM KaKyio-HH6y/];b OKpecTHOCTb W{x^U^p^ e) tohkh 07^(^)1 

niO G (7, pixiHO)) < e. 

IIoflGepeM S > thk, hto6bi 

p{x{t:{^))) <e-5. 
IIocKOjiBKy — ^, AJiii noHTH Bcex i BBinojinaeTCH 

TenepB ecjiH p{^) ^ 0, to j^jisi hohth bccx i 

p{X, ■ - x{n{^,))) s; I A, I -^(6) +p(x(7r(e,))) < e. 



A A 

4o 2p(?) 



A 



EcjiH JKC p{^) — 0, TO H3 ^ cjieflycT p(^i) < 1 flJia hohth bccx i, nosTOMy 

p(A, • e» - |A,| -Pte) +p(x(7r(e^))) < e. 



A A 
6 1 



A 

6-5 



B J11060M cjiynae fljia hohth bccx i nojiynaeivi 

ni^i) G U, p{Xi ■ - a:(7r(^,))) < s. 



TO ecTb Ai • G W{x, U,p,e). 3to Tosce osHa^acT (|1.19p . 

5. ^OKajKeM HenpepBiBHOCTB nocjioiiHoro cjioxeHHa:. IlycTB 

BbiGepeM KaKyio-HHGyflB GasHCHyro okpccthoctb W{z, U,p, e) tohkh ^ + u: 

7r(^ + u)GC/, p(C + u-2:(7r(C + u))) <e. 
IToflSepeM hhcjio cr > Tax, hto6bi 

+ w - z{n{C + v))) < e - 2(7. 



(1.20) 
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B cjioe TT ^(7r(^ + v)) = tt ^(7r(^)) = tt ^(7r(w)) onepan,Ha cjiojkchhs nenpepBiBHa, nosTOMy cymecTsyiOT 
6a3HCHijie OKpecTHOCTH W{x, Vx, q, S) H W{y, Vy,r,S) tohck ^ h v TaKHe, hto 

Ve' e W{x,Vx,q,5)mr-\TT{0) Vu' e W{y,Vy,r,6) mT-\n{v)) ^' + v' € W{z,U,p, e - 2a). 

To ecTb 

V^',z;' e 7r-i(7r(^ + w)) q{£,' - x{tt {£_)))< 5 & r{v' - y{TT{v))) < S 

=^ p{C + v' ~ z{tt{^ + v))) < e - 2a. (1.21) 

IIpH 3T0M H3 BKjiKiHeHHH ^ 6 W{x, Vx,q,S) vL V ^ W {y , Vy,r,S) cjieflycT BO-nepsbix, hto 

- x(7r(e))) < <5 & r(t; - 2/(^(t;))) < 5, (1.22) 

H BO-BTOpblX, HTO 

^(0 e 7r(u) e K,, 

TO eCTb Vx H V"j^ HBJiaKJTCH OKpeCTHOCTHMH flJIS 7r(^) H 7r(u) COOTBCTCTBCHHO. yMeHbniHB, CCJIH Heo6xOflHMO, 3TH 
OKpeCTHOCTH Vx ^ Vy , MOJKHO CHWiaib, ^ITO OHH COBHa^aiOT H JiejKaT B U : 

Vx^Vy^VCU. 

KpoMe Toro, oneBiiflHO, mojkho Bi>i6paTb nojiynopMBi q vl r Tax, hto6bi ohh MajKopHpoBajiH p (BCK)/i,y na S) 

P^q, P^r, (1.23) 

a HHCJio (5 TaK, htoGbi 

5<|. (1.24) 

Tenepb paccMOTpHM MHOJKecTBO 

0^{seV: p{x{s) + y{s) ~ z{s)) < e - a} . (1.25) 

(oho OTKpbiTO B M B CHjiy ycjiOBHH (iii)). 

OTKpbiToe MHOJKecTBO W{x,0,q,S) HBjiaeTCH okpccthoctbio tohkii ^, noTOMy hto, BO-nepBbix, 

p(a;(^(0) + 2/(^(0) - 4 tt{0 ) < ^(^^(^(O) - +p(y(7r(u)) - w) +p(C + u - z(7r(e + u))) <e-a 
II II A\ A\ A 

Tl(v) T^ii + V) q{x{^{i))-i) r(x(7T{v)) V) £-2(7 

A |l.22l A I1.22I 

5 5 

A |l.24l A I1.24I 

"2 "2 

H SHaHHT, 7r(^) G O. A, bo-btopbix, b CHjiy (|1.22p . ^(^ — a;(7r(^))) < 6. 
ToHHO TaK jKe V £ W{y, O, r, 6). 

noKa>KeM Tenepb, hto OKpecTHOCTH W{x, O, q, 6) h W{y, O, r, 6) ToneK ^ 11 v y^OBjiCTBopaiOT ycjiOBHio 

^W{x,0,q,S) yv'€W{y,0,r,S) (jriC) ^ tt{v') ^ + v' e W{z,U,p,e)y (1.26) 

^eftcTBHTejiBHO, H3 ^' G W{x,0,q^S), v' G W{y,0,r,S) h 7r(^') — t:{v') cjiepyei, BO-nepBbix, hto 

7r(C') = 7r(w') eOCV CU. 

H, BO-BTOpblX, 

p{e + v'- z{7r{e + v'))) ^ p{e - x{n{a)) +P{v' ~ yi7T{v'))) +p{x{e) + y{v') - z{n{e + v'))) < e 

A\ |l.23l A\ I1.23I A |l.25l 

q{i' - x{Tr{i'))) r(v' -y(TT(v'))) e-a 

A A 

& (5 

A I1.24I A I1.24I 

"2 "2 

Tenepb mm nojiy^iaeM n,enoHKy 

it 7^ i, V, 7r(Ci) = tt{v,), 7r(^) = tt{v) 
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4 

G W{x, O, q, S), Vi € W{y, O, r, S) fljiH hohth Bcex i 

JJ. iioa 

+ Vi G W{z, U,p, e) fljiH noHTH Bcex i 
Sflecb W{z, U,p, e) BbiGnpajiacb krk npoHSBOjibnaa 6a3HCHaa OKpecTHOCTb to^^kh ^ + f. HosTOMy 

6 + '-^i ^ C + 

6. HycTb p - npoHSBOjiBHaa nojiynopMa w3 V vl e > 0. IIoKajKeM, ^to MHoacecTBO VF = G S : p{^) < e} 
OTKpbiTO B S. SacjDHKCHpycM KaKyio-HH6yflb TO^^Ky ^ G VF. H3 ycjiOBHH p(^) < e cjie^eT, hto naiifleTCH cr > 
TaKoe, HTO p{£,) < e — 2a. B CHjiy (iv), HaitfleTCH a; G X TaKofi, hto — a^(7r(^))) < a. IIojiojkhm 

O = {t G M : _p(a;(t)) < £ - ci}. 

Tor^a 6a3HCHa5i OKpecTHOCTB T/F(x, 0,p, cr) coflepjKHT TOHxy ^, noTOMy hto, BO-nepBbix, 

p{x{^{m ^ - Q + < £ - g 7r(0 G O, 

A A 
(7 e — 2a" 

H, BO-BTopbix, B CHjiy Biji6opa X. BbinojiHHeTca — a;(7r(^))) < cr. To ecTb T/F(x, 0,p, cr) - OKpecTHOCTb tohkh 

C flpyroii CTopoHbi, VF(a;, 0,p, cr) co;i;epjKHTca b MHOJKecTBC W , noTOMy hto ecjiH v G W{x, 0,p^ cr), to 

p{v) ^ p(u — a;(7r(-L'))) +a;(7r(-L')) < e. 

A A 
cr £ — cr 

7. noKa>KeM, TITO BbinojinaeTca ycjiOBHe (e) na c|ni flJiH jiio6oh tohkh i G M h bchkoh OKpecTHOCTH V tohkh 
Ot B S HaiiflyTCH nojiynopMa p €: V, hhcjio cr > h OTKpbiToe MHOJKecTBO O b M, co^epjKamee t, TaxHe, hto 

UG7r-i(0) : p(0 <T}cy. 

UocKOjibKy TonojiOTHH B S nopojKflena OKpecTHOCTSMH p.Sp . cymecTBycT HCKaa GaaHcnaa OKpecTHOCTb Ty(a;, [/, £) 
TOHKH Ot, co;i,cpjKamaaca b V: 

Ot G l^(x,[/,p,£) C V. 

3to anaHHT BbinojiHCHHe flByx ycjiOBHii: 

teU & p(Ot - a;(i)) < £. 

HoflSepeM cr > TaK, htoSbi 

piOt-x{t)) <e-a 

H nOJIOJKHM 

O = {s G ?7 : p(a;(s)) < £ - cr}. 
B CHjiy ycjiOBHH (iii) sto 6y;i,eT OTKpbiToe mho^kcctbo b M . Oho co;i,ep>KHT TOHxy t. noTOMy hto 

p{x{t)) p{x{t) - Ot) +p(Ot) < £ - a 

A II 
e- a 

SaMCTHM, HTO ecjiH ^ G 7r^^(0) H p(f) < cr, to 

A A (Tr({) e O) 

cr e — cr 

Tenepb mbi nojiynacM n,cn0HKy 

{i G TT^^O) ; p{C) < fi} C W^(a;,0,p,£) C M^(x,C/,p,£) C V. 

8. ^OKa>KeM e;i,HHCTBeHHOCTi> TaKoii Tonojiormi. Ona cjie^yeT h3 toto, hto b neii cxoahmoctb nanpaBjieHHO- 

CTH 

i^ ^ e (1.27) 

o;],H03HaHHO onpe;];ejiseTCH noBe;];eHHeM tt, P h X na tohkrx h ^, TOHHee, cjie;];yioii],HMH jxsyM^ ycjiOBHHMH: 
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(a) ^(6) A vr(C), 

(b) jiio6oro ceneHHs x G X, jik)6oh: nojiynopMbi p G "P h jiio6oro e > ycjiOBHe 

BbinOJIHHeTCH flJIH nOHTH BCeX HH^eKCOB i. 

^eiicTBHTejiijHO, ecjiH BbinojiKHCTca (jl.27p . to ycjiOBHe (a) 6yfleT npocTO cjieflCTBHeM nenpepbiBHOCTH OTo6pa- 

jKeHHH TT : S' — ^ M. A ycjiOBHe (b) flOKasbiBaeTCH Tax: h3 S,i ~— > C cjie^yeT x{TT{S,i)) x{tt h BMecTe, 
B CHjiy nojiynenpepbiBHOCTH CBepxy nojiynopMbi p, 3to ^aei ii,enoHKy nepaBencTB, cnpaBefljiHByio fljia hohth 
Bcex i: 

A 

_e 
2 

/\Jisi noMTH Bcex i 

Hao6opoT, nycTb BbinojiHsiOTCH ycjiOBHH (a) h (b). Tor^a, no ycjiOBHio (iii), jiJi5i jiio6oh nojiynopMBi p ^ V n 
jiio6oro e > mo::kho Bbi5paTb ceneHHe x ^ X TaKoe, hto 

Pi^-x{nm<e. (1.28) 

Ilocjie 3Toro, mbi nojiyHHM BO-nepBbix, 

(b CHjiy ycjiOBHs (a) h nenpepbiBHOCTH OTo6pa:aceHHH x), BO-BTopbix, ;],jih Bcex z 

(noTOMy HTO X - ce^^eHHe pjisi tt), h, B-TpeTbHx, ^jia hohth Bcex i 

p{^^ - a^(7r(6))) < - xiirim +e < 2e. 

^ ^ ^ 

(b CHjiy ycjiOBHH (b)). BMecie Bce sto osHanaeT, ^to tohkh = x{T:{^i)), C = a;(7r(^)) y^OBjiCTBopHiOT ycjiOBHio 
p.2p (b KOTopoM e saMeneHO na 2s), h nocKOjiBKy jj G h e > BbiSnpajiHCb npoHSBOjiBHbiMH, no npefljiosKCHHio 
I1.1I 3T0 BjiencT cooTHOineHHC p.27p . □ 

Mop4)H3Mbi paccjioeHHH. IlycTb ^aHbi pfia jiOKajibHO BbinyKjibix paccjioenHa tt : S M, p : f2 ^ M n 
HenpepbiBHoe OTo6pa}KeHHe fi : S Q, saMbiKaromee flHarpaMMy 

-^Q (1.29) 

p 

m' 

Tor^a fljia bchkoh tohkh t M m jiio6oro ^ £ 7r^^(^) mm nojiynnM 

p(M(e)) = 7^(0 = t, 
H 3TO osnanaeT, hto OTo6pa}KeHHe /i nepcBOflHT cjioii 7r~^(t) b cjioh p^^it): 

ycjiOBHMca HasbisaTb MopcpusMOM jiOKajibHO BbinyKjioro paccjioenHH n : S M b jiOKajibHO BbinyKjioe 
paccjioeHHe p : Q ^ M BCHKoe nenpepbiBHoe OTo6pa>KeHHe p, : S f2, saMbiKaiomee /i,HarpaMMy (I1.29P h 
jiHHeiiHoe Ha KajK^OM cjioe, to ecTb TaKoe, hto ajih bchkoh tohkh t ^ M nopojKflacMoe OTo6pajKeHHe cjiocb 



p : Tr~\t) ^ p-\t) 
jiHHeflHO (h HcnpepbiBHO B CHjiy nenpepbiBHOCTH p). 
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^BoiicTBeHHoe paccjioeHHe. BcHKOMy jiOKajibHO BbinyKjiOMy paccjiocHHio tt : r; — ;> M nafl C mo>kho no- 

CTaSHTB B COOTBeTCTBHe paCCJIOCHHe BCKTOpHblX npOCTpRHCTB Ha^ C 



M 



= IJ TT-^{t)\ VU G TT^^{tY 7r*(u) = t. 

teM 



Mbi 6yfleM nasbiBaTb ero conpsufceHmiM paccAoenueM eeKmopnux npocmpaHcme k paccjioeHHio n : ^ ^ M. 
^jiH BCSKoro KOMnaKTa K G S n jiioGoii to^^kh u G S* nojiojKHM 

Pk{u)^ sup |w(OI- 

PaccMOTpiiM jiOKajiBHO BbinyKjioe paccjiocHHe, nasbiBaeMoe mpueuaAbHUM co cjioeM C: 



TTAf : C X M M 



TTM{\t) =t, X£C, te M. 



0603HaHHM CHMBOJIOM TTc npOeKII,HK) Ha HCpByiO KOMnOHCHTy: 



TTc : C X M C 



TTc{X,t) = A, XeC, te M. 



CjioeM ■n^^{t) BCHKoit tohkh t G M b stom paccjioeHHH sBjiaeTCH MHOJKecTBO C x {t}, KOTopoe npH OTo6pa}KeHHH 
TTc OTO>K/i,ecTBjiaeTCH c hojicm C. KaK cjieflCTBHe, ecjiH /i : S' — > C x M - MopcJjHSM paccjioeHHii, to na KajKflOM 
cjioe onpe;i,ejieHa KOMno3Hn,Ha: 

^-i(i)^^M'W = Cx{t}^C, 

HBJIHHDmaHCH JIHHeHHbIM HCnpepblBHIjIM 4)yHKII,HOHajIOM Ha Tl^^{t). Mbl MOJKeM C;i,ejiaTI> BblBOfl, HTO (JjopMyjia 

xm^TTco^ , t^M, (1.30) 

7r-i(t) 

OHpe^ejiHeT neKoe cenenHe : M — > conpajKCHHoro paccjioenHH BeKTopHbix npocTpancTB tt"^ : S"* — > M. 
06o3HaHHM T^epes X MHOscecTBO Bcex TaKHx ceneHHii. 

PaccMOTpHM Tenepb b KajKflOM cjioe 7r^^(t)* MHOscecTBO Xt 4)yHKn,HOHajiOB u, npeflCTaBHMbix b mip^e u = 

Ti'C ° flJiH HCKOToporo Mop4)H3Ma paccjioeHHH : lE" — >■ C X A/, H nycTb Xt o6o3HaHaeT 3aMbiKaHHe SToro 

7r-i(t) 

npocTpancTBa b npocTpancTBC 7r^^(t)* (oTHOCHTejibHO Tonojiorrai, nopojKflCHHOH nojiynopMaMH V = {pk] K C 
npe/];jio>KeHHe 1.3. Ecau Sasa M HeAsiemcn xaycdopcfioeuM npocmpaHcmeoM, mo na nodpaccAoenuu 

teM 

MHOCHcecmeo ceneHuu X u MHOotcecmeo noAynopM V sadamm monoAozum, npeepaujt,amiu,ym S"* e paccAoenue 
AOKaAbHO eunyKAUx npocmpaHcme e coomeemcmeuu c nvedAOCHceHUCM 

• PaccjioeHHe ^T^, : E^^, M mbi 6y;i,eM Ha3biBaTb deoUcmecHHUM paccAoenucM k paccjioennio tt : S" — >■ M. 

ffoKaaamcAhcmeo. S^ecb nyjKHO npocTO npoBcpHTB ycjiOBHH (i)-(iv) npejuioaceHKH [L^ 

1. IIojiyHopMBi pk Ha KajK^OM cjioe 7r^^(t)* sa^aiOT jiOKajitno BbinyKjiyio Tonojiornio, KOTopaa 6yfleT ot- 
;i,ejiHMa, nanpHMcp noTOMy hto CHjibnee TonojiorHH noTOHCHHOfl; cxoahmocth, KOTopaa 3a;];aeTCH nojiynopMaMH 
BHfla pj, rflc ^ npo6eraeT cjioii 'K~^{t). 

2. CHCTCMa V HanpaBjiena no BOspacTanmo: jiio6bie flBC nojiynopMbi px h p^ MajKopnpyiOTca nojiynopMoit 

PKLiL- 

3. noKajKCM, HTO fljia jiio6oro ceneHHa a; G X h jiioGoh nojiynopMbi pK <J)yHKn,Ha t E T ^ pK{x{t)) 
nojiynenpepbiBHa CHH3y. IlycTb e > 0, paccMOTpnM mhojkbctbo O ^ {t G M : pK{x{t)) < e}. Ecjih oho nycTO, 

TO OHO aBTOMaTHHCCKH OTKpblTO, HOSTOMy BajKHO paCCMOTpCTb CJiyHafi, KOr^a OHO HCHyCTO. IlyCTb to G O, TO 

ecTb 

PK{x{to))^ sup \Trc{fJ.{0)\ < £ 

PaCCMOTpHM MHOJKCCTBO U ^ {£, E S : |7rc(/l(0) I < Oho OTKPBITO H COflCpjKHT 

X n TT^^io) c [/. (1.31) 
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Haina aa/^a^ia noKasaTB, hto cymecTsyeT OKpecTHOCTb V tohkh to TaKaH, hto 

KHtt-^V) C U. 

IIpeflnojioJKHM, mo 3to hc trk. Tor/i,a fljiH bcskoh okpccthocth tohkh HaftfleTCH TOHKa 

e Kmr~\V)\U. 

riocKOJibKy HanpaBjieHHOCTb {^y; {^o}} Jigjkht b KOMnaxTe K, ona b stom KOMnaKie flOjiJKna hmctb 

HeKOTopyio npeflejiBHyio TO^Ky ^ £ A' [8, TeopeMa 3.1.23]. IIo^ ^eiicTBHeM npoeKD;HH tt nanpaBjieHHOCTb 
{fy; V — {^o}} npeBpamaeTCH b nanpaBjieHHOCTb {7r(^v'); V — !■ {to}} c npe/;ejibHOH to^ikoh 7r(^). IIpH stom 
{7r(^y); V — {^o}} cxo^HTCH k to. IIocKOjibKy npocTpancTBO M xayc;i,op4)OBO, npeflejibHaa TOHKa 7r(^) flOJiJKna 
coBnaflaTb c npeflejiOM Iq. Mbi nojiy^^aeM, hto 

^eKn7r-\to)\U. 

3to npoTHBope^HT p.3ip . 

4. ^JiH BCHKOii TOHKH t G Af MHOJKecTBO {x(t); X G X} njiOTHO B npocTpancTBe Xt no onpeflejienHio caMoro 

Tt. □ 
(b) PaccjioeHHe SHaneHHit h MopcJjHSMfai MOfiyjieu 

PaccjioeHHe SHaneHHii Mo^yjisi Ha/i, KOMMyTaTHBHoii hhbojikjthbhoh ajireGpoii. IlycTb A - hhbojiio- 
THBHaH CTepeoTHnnaa ajire6pa. ^jih BcaKoft tohkh t G Spec(yl) oGosHa^^HM nepes It HAPO t: 

It^{aeA: t{a) = 0}. 

IlycTb flajiee X - CTepeoTHnHbift MOflyjib naup, A. B cooTBeTCTBHH c (|0.16p . mbi oSosHanaeM chmbojiom It ■ X 
noflMOflyjib B X, cocTOHmHH H3 BceB03M0>KHbix cyMM sjieMBHTOB BHfla a ■ X, r^e a G It n X G X: 

It ■ X ^ l^a, ■ Xi] a.elt, X, £ X,k eN^ 



a. It ■ X - ero saMbiKaHne. IIojiojkhb 

jU = □ (x/77^)^ irX^ix + l^rx) = t, 

Mbi nojiyHHM ciopiieKi^Hio ttj^x ■ '^A-^ ~^ Spec(A). ^jih bchkofo sjieMCHTa x Q X oSoanaHHM nepea j'^{x) 
ceneHHe dopteKi^HH tt'^ ^ , /^eiicTByiomee no (JjopMyjie 

f{x){t)^x + 17^, teM. 

06o3naHHM nepea 'P{X) MnojKecTBO Bcex nenpepbiBHbix nojiynopM p : X ^ R+ jiOKajitno BbinyKjioro npo- 
CTpancTBa X . BcHKaa nojiynopMap G V{X) nopojK^aeT nojiynopMy p° na CTepeoTHnnoM cjaaKTop-npocTpancTBe 
{X/ It ■ XY no cjjopMyjie 

/(a; + 7t~X):= inf_p(a; + y) = inf p{x + y), x e X. (1.32) 
yeifX yeifX 

Torfla MOJKHO cmTaTb 4)yHKn,HeH na J'^X, ;i,eHCTBHe KOTopoii na KajKflOM cjioe onncbiBaeTca cjjopMyjioii 

06o3HaTiHM ;i,ajiee nepes cr : A — > C{M) ecTecTBennoe OToGpajKenne ajire6pbi A b ajire6py HenpepbiBHbix 
4)yHKn,HH na CBoeM cnexTpe M = Spec(Af): 

cr(a)(i) = i(a), a e A, teM (1.33) 

H SaMBTHM TOJKfleCTBO: 

f{a ■ x) = a{a) ■ f{x), a € A, x C X. (1.34) 
Oho ;i,0Ka3biBaeTca nepenocoM b jiCByio nacTb n no/^CTanoBKOii arpyMenia teM: 

f{a-x){t) - {a{a) ■ f{x)){t) = a ■ x +7^ ~ t{a) ■ {x + 7^) C {a - t{a)) -x + 1^ CI^ 

II II II ^^ 

fia-x){t) <T(a)(t) f(x){t) It 

HTo6bi npHMCHHTB npejijiOjKeHHe naivi ne xBaTaei cjie/iyionieH jieMMbi. 
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JleMMa 1.1. JJ^ASi ecjiKoeo SACMeHma x £ X u ak)6ou Henpepuenou noAynopMU p : X ^ R_|_ omo6pajiceHue 
t G Spec(j4) ^ p'^{j^(x){t)) G M_|_ noAynenpepueHO ceepxy. 

/JoKaaameAbcmeo. IlycTb t G Spec(yl) h £ > 0. YcjiOBHe 

p°{f{x){t)) = p°{x + IfX) = iu^p(x + y) = inf p{x + y) < s 

yeifX yeifX 

osHanaeT, hto fljiH neKOToporo y E It ■ X BbinojiHaeTca HepaseHCTBO 

p{x + y) < e. 

3to b cbok) o^iepeflb oanaHaeT, hto cymecTByiOT m G N, BeKTopti y !,...,?/,„ G X h BeKTopbi a^,...,a™ G It 
TaKHe, HTO 



P + -ykj <e. (1.35) 

^jia BCHKOit nocjieflOBaTCJiBHOCTH hhccji A = (A^, A™), A'' G C, o6o3HaHHM 

f{X)^p(^x + f2y-X''-lA)-yk^ ■ 

OyHKLi,Ha: A i— ?> /(A) b tohkc A = coBna^aeT c jicboh nacTbio (|1.35p h nosTOMy yflOBjieTBopaeT HepaBencTBy 

/(O) < e. 

C ApyroH CTopoHbi, ona nenpepbiBHa, xax komhoshi^hh aeJjcjjHHHoro OToSpajKCHHa h3 C™ b jiOKajibHO BbinyKjioe 
npocTpancTBO X h nenpepbiBHOii 4)yHK]j;HH p X . SnanHT, flOjiJKHO cymecTBOBaTb hhcjio S > TaKoe, hto 

VA max Ia'^I < ,5 =^ /(A) < £. (1.36) 

PaccMOTpHM flajiee MHOJKecTBO 

U = {s e Spec{A) : VfcG{l,...,m} \s{a'')\ < S}. 

Oho OTKpbiTO h coflepjKHT TOHKy t (noTOMy hto BKjiiOHeHHH a'^ G It osnanaiOT CHCTCMy paBencTB t(a'^) = 0, 
1 ^ fc ^ m). C flpyroii CTopoHbi, jxjisi bchkoh tohkh s G U, paccMOipeB nocjieflOBaTejibHOCTb 

A*'- = s(a'=), 

Mbi nojiyHHM, BO-nepBbix, s(a'' — A'^ • 1a) = s(a*'') — A'" • s{1a) = s{a'^) — s(a'^) = 0, to ecTb 

a'= - A" • U G /. 

H, BO-BTopbix, maxj: A'' — maxfc s(a'^) < 6, to ecTb, b CHjiy (jl.36p . 



p(x + ^(a'=-A'=.U).zjJ =/(A) <e 



fe=i 

3tO MOJKHO nOHHMaTb Tax, hto J^JISI HCKOTOpOft tohkh Z E Is ■ X BblHOJIHaeTCH HepaBeHCTBO 

p{x + z) < e, 

H nosTOMy 

p°{f{x){s)) = p°{x + Is ■ X) = inf p{x + z)^ inf p{x + z) < e 

3tO BepHO flJIH BCaKOit tohkh S H3 OKpeCTHOCTH U TOHKH t, H 3TO TO, HTO HaM Hy3KHO 6bIJIO flOKaSaTb. □ 
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TeopeMa 1.1. /(yi^ ecsiKozo cmepeomunHozo Modyjisi X Had UHeoAwmueHou cmepeomunHou aAze6pou A npsi- 
Man cyMMa cmepeomunHux (paKmop-ModyAeu 



o6Aadaem eduHcmecHHOu monoAozueu, npeepayut,amtii,eu npoeKii^uw 

'^A,x ■ Ja^ ^ Spec(A), TTA,xi^ + IfX) ^t, t e Spec(yl), x e X 
6 AOKaAbHO eunyKAoe paccAoenue c cucmeMou noAynopM {p^; p G V{X)}, dAsi Komopozo omo6pacHceHue 

x^X^ f{x) e Sec(7r^,^) f{x)it) ^x+ 77^, t G Spec(A), 
HenpepuBHO nepeeodum X e cmepeomunHuu A-ModyAt Sec(7r^ ^) ceueHuu ttJ^ ^. IIpu smoM 
(i) 6a3y monoAozuu J\X o6pa3ymm MHOotcecmea 

W{x,U,p,S) = {UJ1X: ttIAO ^Uk < e} 

zde x G X , p G ViX), e > 0, [/ - ornKptimoe MHOOKecmeo e M ; 

(a) ecAU 6do6aeoK cneKmp Spec(yl) HeAsiemca napaKOMnaKmnuM AOKUAbHO KOMnaKmnuM npocmpaHcmeoM, 
mo omo6paDK.eHue : X ^ Sec(7r^ ^) UMeem nAomHuu o6pa3. 

• PaccjioeHiie ttJ^ : J'^X — > Spec(A) nasbiBaeTca paccAoenueM sHaueHuu MO^yjia X na/i, ajire6poH A. 

/JoKaaameAbcmeo. Ha jieMMbi 11.11 h npefljiojKCHHH 11.21 cjiepyei cymecTBOBaHHe h eflHHCTBeHHOCTb TonojiorHH 
Ha J'^X, jiJiR KOTopoii npoeKD;HH vr" : J'^X Spec(A) npe/iCTaBjiHCT co6oh jiOKajiBHO BBinyKjioe paccjioeHne 
c nojiynopMaMH p", a ce^^enHH BH^a j'^{x), x G X, 6yflyT HenpepbiBHBiMH. HenpepbiBHOCTb OTo6pa>KeHHa x G 
X (—J. j'^lx) G Sec(7r^ flOKasbiBaeTCH HMnjiHKaLi,HeH 

p"{fixm) = ini p{x + y)^ p{x) =^ pUfi^m) - supp"(j"(x)(i)) < p{x) 



fljiH BCHKoro KOMnaKTa T (I M . Cbohctbo (i) laKJKe cjiep^yei h3 npejjiOjKeHHg [h2\ 

^OKa>KeM (ii). 3aMeTHM CHa^ajia, hto MHOJKecTBO j^{X) = {j^{x); x G X} hjiotho b nopojKfleHHOM hm 
C{M)-Mopyjie 

C{M) ■ f{X) = |E • ^■°(^^)' ^» ^ ^(^)' ■'^^ ^ ^1 ■ 

^jiH SToro 3a4)HKCHpyeM h G C{M) m x & X. HocKOjibKy A - HHBOJiiOTHBHaH ajire6pa, OTo6pa}KeHHe cr : A — >■ 
C{M) flOJiJKHO HMBTb njiOTHBiii o6pa3 b C{M). HosTOMy naii^eTCH nanpaBjieHHOCTb G A TaKaa, hto 

a(ai) — > b. 

KaK cjieflCTBHe, 

f{a, • x) = (IE31 = a(aO • f{x) ""^^ b ■ f{x). 



JXajiee saivieTHM, hto nocKOjiBKy o6pa3 X npn KajKflofi npoeKri,nH tt^ njiOTen b cjaaKTop-npocTpancTBe {X/It ■ X)^ , 
MHOJKecTBO j^{X){Spec{A)) 6y^eT hjiotho b KajK^OM cjioe paccjiocHHH J'^X. HosTOMy ero na^MHoacecTBO 
(C(M) • j'^{X)){Spec{A)) TaKJKe 6yfleT hjiotho b KajK^OM cjioe paccjiocHHa Ja-^- Tenepb mbi MOJKeM npH- 
MeHHTb CBOiicTBO 2° Ha c llll ecjiH AI napaKOMnaKTHO h jiOKajibHO KOMnaKTHO, to C (M) -mo fsyjib C{AI) ■ i^{X) 
HjiOTen B Se.c{'K^A x) ^^^^ y»^e hohhjih j^{X) hjiotch b C{M) ■ ^"(X)). □ 
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Mop4)H3Mbi MOflyjieii h hx cbhsb c MopcJjHSMaMH paccjioeHHH. 

TeopeMa 1.2. Bcjikuu Mop^usM cmepeomunHux ModyMeu D : X ^ Y Had KOMMymamueHou UHeoAwmuoHou 
ajide6pou A onpedejiHem eduHcmeeHHUu MopcfiusM paccjioenuu aHaueHuu j^{D) : J\X — J\{Y), 

JlX > JlY 






A,Y 



Spec(A) 



ydoeAemeopjitmu,uu mojtcdecmey 



f{Dx)=f{D)of{x), x€X. (1.37) 



Spec(A) 



/JoKasameAbcmeo. Ha o^eBHflHoro BjiojKeHHH 



D{lfX)CIfY (1.38) 
cjieflyeT cymecTBOsaHHe ecTecTBCHHoro OTo6pa}KeHHH 4)aKTop-npocTpaHCTB: 



X/IfX3x + IfX^Dx + IfYeY/IfY 

Oho HenpepbiBHO, nocKOjibKy HCxoflHoe OTo6pa>KeHHe D nenpepBiBHO, h sna^iiT, cymecTByeT ecTecTBCHHoe (lax- 
jKe, HenpepBiBHoe) OTo6pa»ceHHe CTepeoTHnnbix (JsaKTop-npocTpancTB (to ecTb nceB^ononojiHeHHH oGbiHHbix 
4)aKTop-npocTpaHCTB) : 

f{D):[x/7;rxy ^(y/I^TyY 

3to BepHO fljis BCSKoro t G Spec(A), nosTOMy BOSHHKaeT OTo6pa}KeHHe npHMbix cyMM: 

f{D): □ (x/7rx)% □ (r/ITT)' 

teSpec(A) teSpec(A) 

TojKflecTBO (I1.37P npoBepaeTCH npsMbiM BbiHHCjieHHeM: fljia jiio6bix t G Spec(A) ti x £ X 

{f{D)of{x)){t)=f{D){f{xm) =f{D) {x+T;^)=Dx+T;^^f{Dx){t). 

OcTaeTca npoBepHTb HenpepbiBHOCTb OTo6pa}KeHHH j'^(_D). SacJjHKCHpyeM TOHKy C ~ i^{x){t) G J\X,x G X, 
t £ T n paccMOTpHM KaKyio-HH6yAb 6a3ncHyio OKpecTHOCTb ee o6pa3a j''(£')(C) = j'^{D){j^{x){t)'^ = j^{Dx){t) 
npH OToGpajKeHHH j^(D): 

W{y, <?, e) = [v£ jO (y) : ^Xy{v) eUkq°{v- f (y) {nly (v))) < e} . 

Tflfi q : Y ^ R+ - npoHSBOjibHaa nenpcpbiBHaa nojiyHopMa Y , V - OKpecTHOCTb tohkh t b Spec(A), y (zY, 
£ > 0. HocKOjibKy j^(Dx){t) G W{y, U,q,e), flfljramo BbinojiHHTbCH ycjiOBHe 

q°[fiDxm-f{y){t)) <s. 

Ha Hero cjie^yeT, hto cymecTsyiOT hhcjio (5 > h OKpecTHOCTb U tohkh t, jiejKamaa b V TaKne, hto 

nXy{v)eUkq\v-f{Dx){n%y{v)))<S =^ {f iDx){7rXyiv)) - f iy){n%y{v))) < e 

OTCio^a cjie^yeT, hto OKpecTHOCTb 

W{Dx,U,q,S) = [veJ'i{Y): 7tXy{v) & U k q° (v - f{Dx){7r%y{v))) < s] . 
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coflepjKHTCH B OKpecTHOCTH W{y,V,q,e) TOHKH j'-'{Dx){t): 

W{Dx,U,q,S) C W{y,V,q,e). 

^ajiee BcnoMHHM, hto D . X ^ Y - nenpepbiBHoe jiHHeiiHoe OTo6pa}KeHHe. KaK cjie^CTBHe, cymecTByei 
HenpeptiBHaa nojiynopMa p : X ^ K+ , y^OBjieTBoparomaa ycjiOBHio 

q{Dx)i:p{x), xeX. (1.39) 

SaMBTHM, T^TO H3 3Toro HepaBCHCTBa cjieflyeT nepaBencTBO fljiH nojiynopM na paccjiocHHax CTpyit: 

q"{f{Dm) ^ p'iO, t e Spec(A), e e JU- (1-40) 
3to floCTaTOHHO /lOKaaaTb /i,jih to^ck ^ = j'^(a;)(i), x & X, nocKOJiBKy ohh njiOTHbi b KayKflflM cjioe: 

q\fiD){f{x){t))) = ^ = q''[f{Dx)it))=q''[Dx + IfY) =Jnf^q{Dx + v) ^ 

< inf q{Dx + Du)^ inf o(d(x + u)) ^ (fL55l) s: inf p(x + u) = fx + 77^) = / f/(a;)(i)) 
Tenepb mojkho noKasaTB, ^^to OKpecTHOCTb 

TOHKH C = j'^(x){t) npH OTo6pajKeHHH j'^{D) nepexoflHT b OKpecTHOCTb W{Dx,U,q,S) tohkh j'^{D){C,) = 
3%Dx){t): 

f{D){w{x,U,p,5)^ <^W{Dx,U,q,5) (1.41) 

/leflcTBHTejiBHO, fljiH BCHKOH T01KH ^ G M^(x, p, (5) ycjiOBHC ttJ^ (^) G U OKaSblBaeTCH nOJieSHBIM B KOHI^e 
Li;enoHKH 

a ycjiOBHe p'^i^ — j'^{x)[n\ < 5 'e, kohi^c i^eno^^KH 

qfiDm{f{Dm-f{Dx){AAf{Dm))) - - =(11371)- 

= q^o^^<^^){j'{Dm-f{D)[f{x){A,x{0))) ='Z.«,,(o(/(^)(e-j"(^)W,x(0))) ^ (11301) ^ 

«;p°(e-/(x)K,x(e))) <'5. 

BMecTe TO h flpyroe osHanaeT, hto j'^{D){£) G W{Dx, U, q, 6), a sto h Tpe6oBajioci>. □ 

Mop4)H3Mbi CO SHaHeHHHMH B C*-ajire6pe h TeopeMa /I|ayHca-Xo4>MaHHa. Cjie;];yiomHii BapaaHT 
TeopcMbi /],ayHca-Xo4)MaHHa OTMenajiCH b MOHorpa4)HH M. /^lonpe h P. >KHjieTTa [11, Theorem 2.4] (a ^jia 
cjiynaa C — Z{F) - b pa6oTe T. Bexepa [4J): 

TeopeMa 1.3. Uycm'b F - C* -ajize6pa u C - ee saMKHymasi nodaji2e6pa, Aec>tcaiu,aM e 'nenmpe F: 

C C Z{F). 

Tozda omo6pacHceHue v : F Sec(7rp^), nepeeodsiuj,ee F e ajize6py nenpepuemtx ceueHutt paccjioeHUM anaue- 
Huu TTp ^ : Jp-F — > Spec(C) nad ajize6pou C, neAsiemcsi u30Mopcf}U3MOM C* -ajize6p: 

F ^ Sec(7r^j,). 

/JoKasameAbcmeo. Ajire6pa C HBjiaeTCH KOMMyTaTHBHOfl: C*-ajire6poH, nosTOMy ee cncKxp flOjuKen 6biTb kom- 
naKTOM. OTCK);i,a cnepyeT no TeopeMC ll.li hto OTo6pa>KeHHe v : F ^ Sec(7rJ2,^) ne tojibko nenpepbiBHO, ho h 
HMecT njiOTHbiii o6pa3 b Sec(7rp p). HocKOjibKy C coflepjKHTCH b Li;eHTpe _F, cnpaBefljiHBO TOJKflecTBO 

TT^^T^t. tGSpec(F), 
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H3 KOTOpOrO MOJKHO CflCJiaTB BBIBOfl, HTO MOflyjIH /( • F HBJIHKJTCH flByCTOpOHHIIMH HflCajIRMH. IloSTOMy KRiKflBlit 
CJIOfi 



F/It ■ F 



HBjiaeTCH C*-ajire6poH, a npocKi^HH F — > F / It ■ F - roMOMop4)H3MOM C*-ajire6p. OTCiofla cjieflyeT, hto npo- 
CTpancTBO HenpepBiBHbix ccHCHHii Sec(7rJ?, p) TOJKe Haflejieno CTpyKTypoii C*-ajire6pbi, a OTo6pa>KeHHe v : F ^ 
Sec{'K^ p) HBjiaeTCH roMOMop4)H3MOM C*-ajire6p. 

EcjiH Tenepb tt : F B{H) - KaKoe-TO HenpHBO^HMoe npeflCTaBjienHe F, to iienip Z{F) oho nepe^ojim: b 
CKajiHpHbie KpaTHbie eflHHHLi;iji. Hhbimh cjiOBaMii, tt OTo6pa>KaeT Z{F), a snanHT h C, b no;i,ajire6py C • ^b{h) 
ajireSpbi B(H). KaK cjieflCTBne, ppnyKen cymecTBOBaTb xapaKTep t £ Spec(C) TaKoii, hto 

7r(a) = i(a) • Ib(^), a € C. 

OTCio;i,a, B CBOK) OHepeflb, cjie^yeT, mo tt oBnyjiHeTca na /t • F, noTOMy hto 

7r(a ■ x) — 7r(a) • tt{x) — t(a) ■1b(h) ' '7r(x) =0, a It, x F. 

II 





Snai^HT, TT o6HyjiaeTCH h na /( • i^: 

Ha SToro mo>kho cflejiaTb bot KaKoii bbiboa: ccjih x - KaKoft-TO HeHyjieBoft bcktop h3 F, to, nocKOjiBKy naiifleTCH 
HenpHBOflHMoe npeflCTaBjiCHHe tt : — )■ B{H), otjihihoc ot nyjia na a;, HaiifleTCH h KaxaH-TO TOixa < G Spec(C) 
fljiH KOTopoii X (ji It ■ F . 3to osHa^^aeT, hto 0. 

Mbi nosTOMy MOJKeM saKjucnwib, hto OTo6pajKeHHe v : F ^ Sec(7rpi^) HHT.eKTHBH0. C flpyrofi CTopoHbi, 
KaK MBi yjKe saMCTHjiH, OHO HMeeT hjiothbih o6pa3. IIocKOjibKy HenpepbiBHbiH roMOMop4)H3M C*-ajire6p Bcer^a 
HMeeT 3aMKHyTbiH o6pa3 [17', TeopcMbi 3.1.5 h 3.1.6], BjiOHceHHe F — Sec(7r) o6H3aHO Sbitb h30mop4)h3mom 
C*-ajire6p. □ 

TeopeMa 1.4. Ilycmb ip : A ^ B - uHeoAwmueHuu zoMOMopcfjusM uHeoAtomueHux cmepeomunHux aAse6p, 
npuHCM A KOMMymamueHa, B - C* -ameBpa, u ^{A) Aeatcum e v,eHmpe B: 

^{A) C Z{B). 

Tozda omo6paMceHue v : B ^ Sec(Tr'^ g), nepeeodsnu^ee B e ame6py Henpepuenux ceueHuu paccAoenufi snane- 
Huu ttJ^ g : J\B — !■ Spec(yl) nad aA3e6pou A, sieAsiemcH u30Mopcf}U3MOM C* -aAze6p: 

B - Sec(^° „) (1.42) 



ffoKaaameAbcmeo. 06o3HaHHM C ~ '^{A). Ho TeopeMe JavHca-XocbMaHHa 11.31 

i?-Sec(7rO,,B). 
HosTOMy HaM ^ocTaTO^iHO npoBepHTb paBencTBO 

Sec(7r^^B) - Sec(7r^ s)- 

OrpaHHHCHHe paccjioenHH it\ g : J\B — Spec(A) na noflMHOJKecTBO Spec(C) o 1^9 C Spec(j4) coBna^aeT c 
paccjioeHHCM ttJ^ ^ : JqB — s- Spec(C), noTOMy hto no jieMMe RT^ i) fl,jisi Ka>K^ofl; tohkii t G Spec(C) 



ip{Ker{t o ip)) — Keri, 
H KaK cjieflCTBiie, cjioh J^B(t) h J^Bit) coBnaflaroT: 



TT%g{t) = B/ip{Kert) ■ B = B/Ker{t o ip) ■ B ^ T^A.sit ° v)- 

A c flpyroii CTopoHbi, no jieMMe RT^ ii) . nafl bccmh TonxaMH s G Spec(A), jie>Kam,HMH Bne Spec(C) o 1^9, cjion 
nyjiCBbie: 

{A.By\t) = {0}, t G Spec(A) \ Spec(C). 

OTCio^a cjiepyeT, hto, BO-nepBbix, cenenne x G Sec(7rJ^^) nojiHOCTbio onpeflejiaeTCH cbohmh 3naHeHHHMH na 
KOMnaKTe Spec(C) o (p, to bctb cbohm orpannHenneM na Spec(C) o (p. H, BO-BTopbix, nopivia x coBna^aeT c 
HopMoft ero orpanHHCHHH na Spec(C) o ip. Mbi nojiynacM, hto Sec(7rpg) h Sec{iT'^ oflnnaKOBbi no na6opy 
sjieMCHTOB H no HopMC, 3Ha'5HT, OHH H30Mop4)nbi KaK 6anaxoBbi npocTpancTBa. □ 
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(c) PaccjioeHHe cxpyii h /],Hc|)4)epeHLi,HajiijHi>ie onepaTopfai 

EcjiH / - jiCBBiii Hfleaji b ajire6pe A, to b ^yxe oSosHaHeHHii na cIHl flJia bchkofo n G N mbi onpeflCjiaeM CTenenb 
/" KaK jiHHeiiHoe noflnpocTpancTBO, nopo}K;i,eHHoe BceBOSMOJKHbiMH npoH3BefleHHHMH sjieMCHTOB h3 / ;i,jiHHbi 
n: 

/" = span{ai a„; ai, a„ G /}. 

A saMKHyTaa CTenenb /" - Kax saMbiKaHne /": 

/"=span{ai a„; ai, a„ £ /}. 

HoHaTHO, ^TO 3T0 6ya,eT aaMKHyTbili jieBbifi n^eaji b A. 

PaccjioeHHe CTpyft. Jlflsi bchkofo t £ Spec(A) nycTb, KaK h panbine, It = {a G A : t{a) = 0} - H^eaji b A, 
cocTOHinHH H3 sjieMCHTOB, o6paLLi,aioiii,Hxca B Hyjib B TOHKe t. EcjiH Tenepb X - jieBBiii MOflyjib na^ A, to fljia 
BcaKoro HOMepa n G Z+ paccMOTpHM Hfleaji ■ nopojKfleHHbifi hm noflMO/iyjiB /"^^ ■ X b X n (J)aKTop-MOflyjib 



jnX) = {X/i:^+'-Xy. (1.43) 

Oh HaabiBaeTCH ModyACM cmpyu nopa^Ka n Mo;i,yjia X b tohkc t. 

KaK o6hhho, BcaKaa nenpepbiBHaa nojiynopMap : X — > onpe^ejiaeT nojiynopMy na (JjaKTop-npocTpancTBe 
J^{X) = {X/'lf+^~Xy no 4)opMyjie 



p^{x + I^+^ -X):^ jnf p{x + y), x C X. (1.44) 



PaccMOTpHM Tcnepb npaMyio cyMMy MHO>KecTB 



Jiix)^ □ jr(x)= □ (x/ir'-x 

ieSpec(A) tGSpec(A) 

H o6o3HaHHM Hepe3 t^\x ecTecTBenHyio npocKi^Hro J^{X) na Spec(A): 

^A.x ■■ Ja{X) Spec(A), ttI x + I?^^ ■ x) =t, t& Spec(A), xdX. 
KpoMe Toro, /i,jia BcaKoro BCKTopa x £ X mh paccMOTpHM OTo6pa>KeHHe 



jXA^) : Spec(A) ^ Jl{X) jlxi^m ^x + 1-+' ■ X. 
IlGHaTHO, TJTG Jinn BcaKoro X € X 

JleMMa 1.2. ^yiJi ecjiKozo dAeMenma x ^ X u mo6ou Henpepuenou noAynopMU p : X ^ R_|_ omo6pajiceHue 
t G Spec(A) I-)- p"(j2(a;)(t)) G M+ noAynenpepueHO ceepxy. 

JJoKasameAbcmeo. IlycTb t G Spec(yl) h e > 0. YcjiOBHe 



pnm^m) = pUx + ■ X) = mi p(x + y)^ inf p(a; + y)<£ 

03HaHaeT, hto fljia neKOToporo y G /"^^ • ^ BbinojinaeTca HepaBencTBO 

p{x + y) < e. 

3to b cbok) QTiepeflb oaHa^aeT, hto cymecTByroT m G N, BeKTopti yi, ym G X n MaTpHii;a BeKTopoB {a*^; 1 ^ 
i ^ n + 1, 1 ^ k ^ m} C /( TaKne, hto 

/ rn / n+1 \ \ 



fljia BcaKoii MaTpHii;bi HHceji 

A = {A*^; 1 ^ i ^ n + 1, 1 < /c ^ to}, Af G C 
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0603HaHHM 

rn /n+1 



/(A) ^P\x + Y.[\{ {a1 - Af . U) j . y,j . 

OyHKii,Ha A H- > /(A) b tohkc A = cosnaflaeT c jicboh nacTbio p.45p h nosTOMy yflOBjieTBopHCT HepaBencTBy 

/(O) < e. 

C ;i,pyroH CTopoHti, ona nenpepbiBHa, Kax KOMno3Hi];HH MHoroHjiena ot m • (n + 1) KOMnjieKCHbix nepeMenHbix 
CO SHaHeHHHMH B jiOKajibHO BbinyKjiOM npocTpancTBe X h HenpepbiBHOfi 4)yHKn,HH p na, X. SnanHT, flOjiJKHO 
cymecTBOBaTb hhcjio S > TaKoe, hto 

VA max|Af|<J /(A) < e. (1.46) 

PaccMOTpHM flajiee MHOxcecTBO 

U^{se Spec(A) : Vi, fc |s(af)| < S}. 

Oho OTKpbiTO h coflepjKHT TO^iKy t (noTOMy hto BKjiiOHeHHa a*^ G /t osna^^aiOT CHCTCMy paBCHCTB t(a*^) = 0, 
l^;i^rt + l, to). C ;i,pyroH CTOpoHbi, fiJisi bchkoh tohkh s G [/, paccMOTpcB MaTpHLi;y 

Mbi nojiyHHM, BO-nepBbix, s(a*^ — Af • 1a) = s{a^) — A*^ • s(lyi) = ^(ftf ) ~ 'S(o.i^) = 0, to bctb 

- Af • U e /, 

H, BO-BTopbix, maxi fe |A^| = maxi^k \ s{ai )\ < S, to ecTb, b CHjiy (jl.46p . 



y m ^n+l \ \ 

+ E n - • 1^) • = ^^^^ < ^ 

\ k=l ^ 1=1 ^ 



3to mo>kho noHHMaTb Tax, '^to ^jih neKOTopofi tohkh z G I"^^ ■ X BbinojinaeTCH HepaBencTBO 

p{x + z) < e, 

KOTopoe, B CBOio OHcpe/i,!., BjieneT aa co6oh HepaBCHCTBO 



P"(i2(a;)(s)) = + • X) = in^p(:E + z) = inf p{x + z) < e 

Oho BepHO flJIH BCHKOH TOHKH S H3 OKpeCTHOCTH f/ TOHKH t, H KaK pas 3TO HaM H HyjKHO 6bIJIO flOKasaTb. □ 

TeopeMa 1.5. JJaji bcsikozo cmepeomunHozo ModyAsi X Had UHeoAmmueHou cmepeomunHou aAze6pou A npsi- 
Man cyMMa cmepeomunHux cjjaKmop-ModyAeu 

Jix^ □ jnx)= □ {x/ir^y 

teSpec(A) teSpec(A) 

o6Aadaem eduHcmeeHHOu monoAozueu, npeepayut,amtii,eu npoeKi^uw 

'^A,x ■ Ja^ Spec(A), TT'Xxix + /f+i ■ X) =t, te Spec(A), xeX 
e AOKaAbHO eunyKAoe paccAoenue c cucmeMou noAynopM {p"; p G 'P{X)}, Saji Komopozo omo6pacitceHue 



xeX^ r(x) G Sec(7r") i"(x)(i) ^x + X, i G Spec(A), 

HenpepuBHO nepeeodum X e cmepeomunHuu A-ModyAb Sec(7r^ ^) Henpepuenux ceueHuu j\X . Upu 3moM 6a3y 
monoAOZUU J\X oSpaaymm MHOofcecmea 

W{x, U,p, e) = e JliX) : n^iO^Uk p^^^^^ (c - j"" (x) {n^ (0)) < e} 
zde X G X , p G ViX), e > 0, U - orriKpumoe MHOotcecmeo e M ; 
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• PaccjioeHHC tt^ ^ : J^{X) — > Spec(j4) nasbiBaeTCH paccAoenueM cmpyu nopsidKa n MO^yjiH X na/i, ajire6- 
poii A. 

/J^OKasameAbcmeo. Ha jieMMbi 11.21 n npefljiojKCHHH 11.21 cjieflycT cymecTBOsaHHe h e;i,HHCTBeHHOCTb TonojiornH 
Ha J^X, fljiR KOTopoii npoeKn,Ha j^X-^ ■ ^A-^ ~^ Spec(A) npeflCTaBjiaeT co6oh jiOKajibHO BbinyKjioe paccjioeHne 
c nojiynopMaMH p", a ceneHHa: BH/i,a j"(a;), x X, 6yflyT HenpepbiBHbiMH. HenpepBiBHOCTb OToGpajKCKHH 
X E X i-^ j"'{x) G Sec^j^X) flOKasbiBaeTCH HMnjiHKai^Heit 

pnr{xm)= m p{x+y)^p{x) ^ snppnr{xm)^p{x) 

fljiH BCHKoro KOMnaKTa T C M. Cbohctbo (i) laKJKe cjie^yeT h3 npefljiojKenHH [TT^ 

/],OKaiKeM (ii). SaMeraM cnanajia, hto MHOJKecTBO = a; e X} hjiotho b nopojK^eHHOM iim 

C{M)'MOffyjie 



c{M) ■ nx) ^ ^ ^ 



. i=l 



fl^jin SToro sacjjHKCHpyeM b G C{M) vl x G X. HocKOjibKy A - HHBOjiiOTHBHaH ajire6pa, OToGpajKeHne a : A 
C{M) flOjiJKHO HMCTB njiOTHbiH o6pa3 B C{M). HosTOMy HaH;i,eTCH HanpaBjieHHOCTb ai G A laKaa, hto 



KaK cjieflCTBHe, 



a[ai) — > b. 

i—^oo 



r K • x) = (HSl = a(a.) • r (x) ^-^^ 6 • 



JXajiee saMeTHM, hto nocKOjiBKy o6pa3 X npH KajKfloii npoeKLi,HH tt" njiOTen b cjaaKTop-npocTpancTBe {X/ It ■ X)^ , 
MHOJKecTBO j"'(X)(Spec(^)) 6ypfiT hjiotho b Ka>KflOM cjioe paccjioenHa J^^- HosTOMy ero HaflMHO»cecTBO 
(C(M) • j"(X))(Spec(A)) TaKJKe 6yfleT hjiotho b Ka>KflOM cjioe paccjioenHH J^v\". Tenepi. mbi mojkcm npn- 
MeHHTb CBOiicTBO 2° Ha c llll ecjiH M napaKOMnaKTHO h jiOKajitno KOMnaKTHO, to C(M)-M0flyjib C{M) ■ j"(X) 
HjiOTBH B Sec(7r") (a, KaK mbi y»ce hohsijih j"{X) njiOTen b C(M) • □ 

^H4>43epeHn,HajibHBie onepaTopti. IlycTb X n Y - ppa jieBtix CTepeoTHHHbix MO^yjia nafl CTepeoTHHHoft 
ajire6poH A. J^Jin bchkofo jinneHHoro (na^ C) OTo6pa>KeHHH P : X ^ Y vl jiio6oro ajieMCHTa a & A OToGpajKenne 
[P, a] : X ^ Y, ;i,eiiCTByioiLi,ee no 4)opMyjie 

[P,a]{x) ^ P{a- x) -a- P{x), x e X, (1.47) 

HasbiBacTca KOMMymamopoM OTo6pa}KeHHa P c sjicmchtom a. Ecjih flaHBi flsa sjieMenTa a, 6 e A, to KOMMyTa- 
Top OTo6pa}KeHHH P c napoH sjieMCHTOB (a, b) onpeflejiaeTCH KaK KOMMyTaTop [[P, a], fe] : X Y OTo6pa>KeHHH 
[P, a] c sjieMCHTOM b. Tohho TaK jkc ho HHflyKH,HH OHpeflejiaeTCH KOMMyTaTop c hpohsbojibhoh Kone^iHoii no- 
cjieflOBaTejibHOCTbK) sjieMenTOB (oq, a„): 

[...[P, flo], ...a„] 

JlHHeiiHoe (na/]; C) HcnpcpbiBHoe OTo6pajKCHHC D : X ^ Y nasbiBaeTca ducl}(f>epeHii,uaMbHUM onepamopoM 
H3 X B ecjiH cymecTByeT hhcjio n £ Z_|_ TaKoe, hto fljiH jiio6i>ix oq, a„ G A BbinojinaeTCH paseHCTBO 

[...[P,ao],...a„] =0. (1.48) 

HaHMeHbHiee h3 hhccji n G , ^jia KOToptix CHpaBCfljiHBO (jl.48p , Ha3i>iBaeTCH nopndKOM flHcJxJjepeHi^HajiBHoro 
onepaTopa D h o6o3HaHaeTCH deg D. 

MnojKecTBO Bcex flH4)4)epeHii;Hajii>Hi)ix onepaTopoB h3 X b y nopa;],Ka ne 6ojii>nie n mh 6y^eM o6o3HaHaTb 
CHMBOJiOM Diff"'(X, y). Ecjih ^OHOJinHTejitHO BBecTH o6o3HaHeHne 

mr^{x,Y) ^ {P eY & X : P = 0}, 

TO 3Ty nocjie/iOBaTejibHOCTb npocTpancTB mojkho onpeflCjiHTb cjie^yioniHMH HHflyKTHBHbiM npaBHjiOM: 

Difr"+i(X,y) = {P G y 0X : Va G A [P,a] G D iff" (X,y)} (1.49) 

OneBHflHO, 1T0 

[DifF",A] C Diff"-i (1.50) 
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JleMMa 1.3. EcAU D : X ^ Y - ducpcfiepeH'nuaAbHuu onepamop nopsidKa n G Z_|_, mo nodModyAb ■ X oh 
nepeeodum e nodModyAb I ■ Y : 



DeD\fr{X,Y) =^ £> • C / • r. (1.51) 

JJoKaaameAbcmeo. HocKOjibKy onepaTop D HenpepbiseH, floCTaTO^^HO flOKasaTb BKjiiOHeHHe 

D e Diff" (X, Y) =^ D{r'+^ ■X)CI -Y. (1.52) 
3to flejiacTCH HHflyKii,He{i no n G Z+. Ilpn n ~ yTBepjKflCHHe npHHHMacT bh^ 

DeD\ff°{X,Y) =^ D{I-X)CI-Y, 

H 3TO OHeBHflHO, HOTOMy HTO flH4)(|)epeHLI,HajII>HBIH OHCpaTOp HOpHflKa 71 = npCflCTaBJIHeT CoGoii npOCTO OflHO- 

poflHoe OTo6pa}KeHHe 

D{a • x) = a • D{x), a e A, x e X. 
IIpeflnojiojKHM, HTO Mbi /lOKasajiH BjiojKCHHe (jl.52p fljia n ~ k: 

D e DifF'=(x, y) =^ i:>(/'^+i • x) c / • y. 

Tor^a fljia n = k + 1 nojiyiacM: ecjiH D G Diff'^^^(X, K), to bchkofo a G A flOjiJKHO BBinojiHaTbCH 
BKjiio^eHHe [D,a\ G Diff'^(X, 1"), nosTOMy, b CHjiy npe;i;nojiO}KeHHH HHflyKn,HH, [_D,a](/'^+^ • X) ^ I -Y. 3to 
osHanaeT, hto ^jih scHKoro BCKTopa x G X n jiio6oh nocjieflOBaTejitnocTH oq, Ofc G / BbinojinaeTCH BKjironeHHe 

[D,a\{ao ■ ... ■ ak ■ x) £ I - Y 

II 

D{a • ao ■ ... ■ ak ■ x) ~ a • D{ao • ... ■ ■ x) 

H3 KOToporo cjieflyeT 

D[a ■ Qq ■ ... ■ ak ■ x) E I ■ Y + a ■ D[a^ ■ ... ■ ■ x) C_ I ■ Y 

" V ' 

m 
/ • Y 

IIocKOjibKy 3T0 BepHO fljiH jiio6bix a, qq, ak G /, mbi nojiynaeM Hy>KHoe HaM BKjiiOTCHHe D{I^^'^-X) C l Y . □ 

TeopeMa 1.6. Bcjikuu du(fj(fjepeHV,uaAbHuu onepamop D : X ^ Y nopsidKa n onpedeASiem Henuu Mop(f)U3M 
paccAoenuu cmpyu jn[D\ : J^{X) —> J^{Y), ydoeAemeopsiminuu moomdecmey 

f{Dx)^jn[D]or{x), xeX. (1.53) 

/^oKaaameAbcmeo. Ha BjioxeHHa: (|1.5ip . npHMeneHHoro k Hfleajiy It, vp^e t G Spec(A) 

D • C (1.54) 

cjieflyeT cymecTBOBaniie ecTecTBCHHoro OTo6pa}KeHHH (J^aKTop-npocTpancTB: 



X/ 11'+' - X 3 x + 11'+' ■ X ^ Dx + It - Y eY/ It - Y 

Oho HenpepBiBHO, nocKOjibKy HCxoflHoe OTo6pa>KeHHe D nenpepbiBHO, h sna^HT, cymecTByeT ecTecTBenHoe (lax- 
jKe HcnpepbiBHoe) OTo6pa}KeHHe CTepeoTiinHbix cjiaKTop-npocTpaHCTB (to ecTb nceB/iononojiHCHHii oGbiHHbix 
4)aKTop-npocTpaHCTB) : 

UD]t : {X/ Jr^)' ^ {y/ ITT)" 
3to BepHO fljia Bcaxoro t G Spec(A), nosTOMy BOSHHKaeT OTo6pa}KeHHe npHMbix cyMM: 



UD]: U (X/Ir'-X) ^ □ [Y/IfY 

teSpec(A) teSpec(A) 

TojKflecTBO (|1.53p npoBepaeTCH npsMbiM BbiHHCjieHHeM: fljia: jiio6bix t G Spec(A) h x G X 

{UD] or{x)){t) = j„[D]{r{x)it)) = j4D] (^x + I^+'-x) = Dx+T;^ = f{Dx){t). 
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OcTaeTca npoBepHTB HcnpepbiBHOCTB OTo6pa}KeHHH jn[D]. 3a(J)H;KCHpyeM TOHKy C = j"(x){t) G J^(X), 
X ^ X , t ^ T n paccMOTpHM KaKyio-HH6yfli> 6a3HCHyio OKpecTHOCTb ee o6pa3a jn[D]{() — j„[-D] (j"(a;)(t)) = 
j^{Dx){t) npH OTo6pa}KeHHH j„ [D] : 

W{y,V,q,e) = {tJ G J2{Y) : tty{v) G C/ & q^, {v - f (y) {tty (v))) < e] . 

Tflfi q : Y ^ ]R+ - npoH3BOjibHaH HenpeptiBHaH nojiynopMa naY, V - OKpecTHOCTb tohkh t b Spec(A), y eY, 
e > 0. HocKOjiBKy j'^{Dx){t) G W{y,U,q,e), ;i,oji}kho BbinojinHTbCH ycjiOBHe 

q°[f{Dx){t)-f{y){t))<e. 

Ha Hero cjie^yeT, mo cymecTBymT ^^hcjio (5 > h OKpecTHOCTb U tohkh t, jie»camaa b V TaKHe, hto 

nriv) G Uk q:^^^^{y~f{Dx){nYiv))) < 6 =^ ql^^.,)[j\Dx){ny{v)) - /(y) (71^(1;))) < e 

OTCio;i,a cjieflyeT, hto OKpecTHOCTb 

W{Dx,U,q,5) ^[vE .n{Y) : tty{v) G [/ & - /(Da:) (71^(1;))) < s] . 

coflepjKHTCH b OKpecTHOCTH W {y , y, g,e) tohkh j'^{Dx){t): 

W{Dx,U,q,5)<ZW{y,V,q,e). 

^ajiee bchomkhm, hto D : X ^ Y - HcnpepbiBHoe jiHHeiiHoe OTo6pa}KeHHe. KaK cjie^CTBHe, cymecTByeT 
HenpepbiBHaa nojiynopMa p : X ^ , y;i,OBjieTBopaiomaH ycjiOBHio 

q{Dx)i:p{x), xeX. (1.55) 

SaMCTHM, HTO H3 3Toro HepaseHCTBa cjieflyex HepaBencTBO pjia nojiynopM na paccjioeHHHx CTpyii: 

9?(j«[^](0) PtiO. t G Spec(A), e e J1(X). (1.56) 
3to floCTaTOHHO ppTiasaib fljia tohck ^ = j"(.x)(t), a; G X. nocKOjiBKy ohh hjiothbi b KajK/iOM cjioe: 

q^{jn[D]{r{x){t))) = ^ = g,"(/(Dx)(t)) = gO(i?x + irT) = Jnf^g(i5x + «) < 
s; inf q{Dx+Du)= inf gf£i(a;+u)W ([1351) ^ inf p{x+u) = pi' (x+lf+^~x) = pi' (r{x){t)) 

Tenepb mojkho noKa3aTb, ^^to OKpecTHOCTb 

W(x, U,p,5) = {e G .rX{X) : ^x(?) e ?7 & p^^^^-^ (i - j"(x)(^x(0)) < s] . 
TOHKH C = j"(a;)(i) npH OTo6pa>KeHHH j„[-D] nepexoflHT b OKpecTHOCTB W{Dx^U,q,5) tohkh jn[D\{Q) = 

fiDx)ity. 

UD](w{x,U,p,S)^ CWiDx,U,q,6) (1.57) 
flencTBHTejiBHO, p/ia bchkoh tohkh ^ G W{x,U,p, S) ycjiOBne 7rx(C) € U 0Ka3ijiBaeTCH H0jie3HijiM b KOHn;e 

H,eHOHKlI 

a ycjiOBHC P^'^(^) - J"(a;)(7rx(0)) < b KOH^e ^eHOHKH 

BinecTe to h flpyroe 03HaHaeT, hto j„[-D](^) G W{Dx, U, q, 5), a 3to h TpeGoBajiocb. □ 
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TeopeMa 1.7. Uycmb Lp : A ^ B - zoMOMopcpusM UHeoAwmueHux cmepeomunHux aAze6p, npuHCM A kom- 
MymamuoHa, B - C* -aAze6pa, u (f{A) Aejtcum e ij,eHmpe B: 

^{A) C Z{B). 

Tozda ecsiKuu MopcpusM paccjioenuu cmpyu ^ : J2_{A) — > J^(-B) onpedenHem eduHcmeeHHuu du(fi<fiepeH'u,uaji'b- 
Huu onepamop D : A ^ B nopsidKa n, ydoeAemeopjnoinuu mootcdecmey 

3\Dx)=iiof\x), x^X. (1.58) 

JJ^oKaaameAbcmeo. Ho TeopeMe ll.41 OToSpajKeHHC v : B ^ Sec(7rJ^ nepesoflamee B b ajire6py HenpepbiBHBix 
ceneHHii paccjioenHH SHaneHHli tt^ g : J\B Spec(A) na/i, ajire6poH A, HBjiaeTca h30mopc]3H3mom C*-ajire6p: 

B = SecinXs). 
PaccMOTpHM o6paTHbiH H30Mop4)H3M v^^ ! Sec(7r^ g) ^ B: 

v'^{f{b))=b, beB. (1.59) 

Tor^a BCHKOMy Mop(|)H3My paccjioenHii CTpyii p, : J^{A) — > J^(_B) mo>kho nocTaBHTb b cooTBeTCTBHe onepaiop 
D : A ^ B no (JjopMyjie 

Da^v-^(^fioj''{a)j, aeA. (1.60) 

Oh, OHeBHflHO, Gypfii yflOBjiCTBopHTb TOJKflecTBy (|1.58p . h naM Hy»cHO jinnib y5eflHTbca:, ^to oh flH4)4)epeHn,H- 
ajiBHbiii HopaflKa n. 

□ 

^HcJxJjepeHiiiHajibHBie onepaTopti Ha ajire6pax. Bchkhh roMOMop4)H3M ajire6p ip : A B 3aflaeT na B 
CTpyKTypy jieBoro yl-MO^yjiH no (JjopMyjie: 

a • 2/ = <^(a) -y, a € A, y €Y = B. 

EcjiH Tenepb P : A ^ B - npoH3BOjibHoe jiHHeiiHoe (na/i, C) OTo6pa}KeHHe, to (JjopMyjia (|1.47p ero KOMMyTaTopa 
c ajieMBHTOM a e A B ^anHoft CHTyai^HH hmcct bh/i, 

[P, a]{x) ~ P{a ■ x) — ip{a) ■ P{x), a,x G A, 

3tot onepaTop mbi 6y;i,eM Ha3biBaTb KOMMymamopoM onepamopa P : A ~¥ B u sAeMenma a G A omHocumeAbHo 
80MOMopcf}U3Ma ip : A B. KpoMe Toro, jijisi jiioSoro sjieMenTa h G B mbi 6y;],eM paccMaTpHBaTb jiHHefiHoe 
{'R'Aji C) OTo6pa>KeHHe h ■ P : A B, onpeflejiennoe (JjopMyjioii 

(b- P){x) ^b- P{x), x&A. 

npe/i;jio»ceHHe 1.4. CnpaeedAueu momcdecmea: 

[(p,a]=0, aeA (1.61) 

[b- P,a]^b-[P,a] + [b,ip{a)]- P, a e A, b G B, P G B A, (1.62) 

[b-ip,a]^[b,ip{a)]-ip, aeA, beB. (1.63) 

/JoKaaameAbcmeo. IlepBoe h BTopoe TOJK^ecTBa flOKa3biBaiOTCH npsMbiM BbinncjieHHeM: npn x G A mh nojiy- 
HaeM 

[(p,a]{x) — If {a ■ x) — ip{a) ■ (p{x) — 0, 

H 

[b-P,a]{x) = {b ■ P){a ■ x) - ip{x) ■ (b ■ P){x) ^ b ■ P{a ■ x) - ip{x) ■ b ■ P{x) = 
= b-P{a-x)-b-ip{x)-P{x) + b-ip{x)-P{x)->f{x)-b-P{x) = b- (p{a-x)-ip{x)- P{x)j + (b-ip{x)-ip{x)-b^ ■P{x) = 

= 6 • [P, a] (x) + [b, ip{x)] ■ P{x) = {b ■ [P, a] + [b, ip{a)] ■ p) (x). 
A TpeTbe nocjie SToro CTanoBHTCH cjieflCTBHCM nepBoro h BToporo: 

[b ■ ip,a] = p.62p = b-[ip, ao] +[b, (fia)] ■ ip 




□ 
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3a;i,aHHijiH roMOMop(|)H3M ajire6p ip : A B nopojKflaeT cncTCMy fliKjx^epeHi^HajibHbix onepaTopoB h3 A b 

B, KOTopyio MM 6y;i,eM o6o3HaHaTb D\ff"{ip) hjih npocTO Diff". Ona HHflyKTHBHO onpcflejiaeTca npaBHjiaMH 

D\fr\ip) = {PeB0A: P^O}, (1.64) 

D\fr+\ip) =^ {P e B (Z) A : ya e A [P, a] e Diff"((p)} (1.65) 

IIoHHTHO, HTO npocTpaHCTBa DifF"((^) oSpasyiOT paciniipHiomyioca nocjieflOBaTejiBHOCTb: 

= Difri(^) C D\ff"{ip) C D\ff\<f) C ... C Diff"((p) C D\fr+\ip) C ... 

KpoMe Toro HaM 6y^eT Ba>KHa nocjieflOBaTejiBHOCTb noflnpocTpancTB b B, oGosHanaeMbix Z"(</5), hjih npocTO 
Z", H onpeflejiaeMbix HH/],yKTHBHBiMH npaBHjiaMH 

Z"((^)=0 (1.66) 

Z"+\ip) ^{beB: VaeA [b, ip{a)] G Z"{ip)} (1.67) 

OHCBHflHO, iiTO npocTpancTBa Z'^{ip) TaKJKC o6pa3yiOT pacmHpaiomymcH nocjieflOBaTejiBHOCTb: 

= Z°{ip) C Zi((^) C ... C Z"{ip) C Z"+i(^) C ... (1.68) 

npe/i;jio»ceHHe 1.5. CnpaeedAueu GKAWueHusi: 

[Z« • Diff'', A]CZ'^ ■ DiffP-^ • DiffP, (1.69) 

Z" • DifF C DifF"^ = 0, p ^ (1.70) 

Z9 • Diff° C Difn"\ g ^ (1.71) 

• DiffP C Diff«+P~\ g ^ (1.72) 

JJ^oKaaameAbcmeo. 1. fljia ^OKasaTejibCTBa (jl.69p 6epeM npoHSBOjiBHBie b G Z"^, P G Diff h a G A, Tor;i,a 

Z9 DiffP Z9 DiffP 

UJ UJ UJ UJ 

[6 • P, a] = 6 • [ P , a] + [ 6 , ^(a)] • P G Z« ■ DifF^"^ +Z«-i ■ DiffP 



2. yTBep>KfleHHe p.70p OHeBHflHO, noTOMy hto npn yMHOJKeHHH na nyjiB Bcer^a nojiy^acTCH nyjib. 

3. OopMyjia (|1.7ip ^OKasbiBaeTca HH;i,yKn;HeH. Hpn q = Q ona Bepna, noTOMy hto npcBpamacTca b nacTHbiii 
cjiyHaii 4)opMyjibi (jl.70p c p = 0: 

Z° • DifF° C DifF"^ = 0. 
IIpeflnojiojKHM, Mbi ee flOKaaajiH ^jih KaKoro-TO q ^ n: 

Z" ■ DifF" C DifF""^ (1.73) 

Torfla fljia g = rt + 1 Mbi nojiyHHM: ecjiH 6 G Z'' = h P G Diff'', to 

Diff" Diff" 

VaeA [b- P,a]^b-[P ,a] + [b,(f{a)]- P G Diff""M =^ 5 • P G DifF" = DifF^"^ 



4. OopMyjia (|1.72p flOKasbiBaeTCH HH;i,yKu,HeH no p. Tlpn p = ona Bepna, noTOMy hto npeBpamacTCH b y>Ke 
/lOKasaHHyio cjaopMyjiy (jl.7ip . npe;i,nojiO}KHM, hto mm ee flOKaaajiH fljiH KaKoro-TO p = n: 

Z" ■ Diff" C DifF«+"-\ q^Q (1.74) 

Torfla fljia p = ri + 1 h ai, G ^ mm nojiyHHM 

i n~69l 

[Z« • DifF"+\ ai] C Z"? ■ DifF"^ +^"-1 ■ Diff+i C Diff^+^^i +^"-1 • Difr+^ 

ni (T74) 

Diff? + "-l 

4 
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ni trsol 

Diff<!+"-^ 

C Diff«+""2 + Z"?-! • DifF" • Diff"+i C DifF''+""2 . DifF"+i 



Diff'! + 



• DifF"+\ai],a2],...a,] C DifF«+"-« ■ DifF"+i = Diff" • DifF"+i = DifF" 
3to BepHO fljia jiio6bix oi, G nosTOMy 

Zi . DifF"+i C DifF«+" = DifF«+f-i 



□ 



npe/i;jio»ceHHe 1.6. flAsi ecsiKozo SAeMenma b E B 

6-^ e DifF"((^) ^ 6eZ"+i((^) (1.75) 

floKaaameA'bcmeo. S^ecb HcnojibsyeTca cjaopMyjia (|1.63p . KOTOpyio nyjKHO o6o6iLi;HTb TO}K/;ecTBa 

[...[b ■ V5,ao], ...a„] = [...[b, (/5(ao)], ...(y5(a„)] • vs, Oq, ...,a„ G ^. 

H3 Hero BHflHO, T^TO ecjiH 5 G to KOseJjcjDHiiHeHT npii ip cnpaBa 6yfleT nyjieBbiM, h nosTOMy Bca npasaa 

nacTb Gy^eT paBHa nyjiio. HocKOjibKy sto Bepno fljia jiio6bix ao, a„ G A, mbi nojiynaeM, hto b ■ ip £ DifF" (93). 
H HaoSopoT, ecjiH 6 • G DifF"((/3), to jieBaa nacTb 6y^eT HyjieBofi, nosTOMy, b TiacTHOCTH, npn noflCTanoBKe 

eflHHHE,!.!, Mbl HOJiyHaCM 

= [...[b ■ (p,ao], ...a„](lA) = [...[b,(p{ao)], ...(^(a„)] • (p{Ia) = [...[6, (^(flo)], ...<^(a„)] • Is = [...[b, ip{aQ)], ...ip{an)]. 

OnSTb 3TO BepHO flJIH JH06bIX flQ, ...,a„ G A, HOSTOMy 6 G Z"+^(ly9). □ 

^H4)4)epeHii,Hajii>Hbie onepaTopbi co 3HaHeHHHMH b C*-ajire6pe. IlycTb A - HHBOjHOTHBHaa saMKHy- 
Taa Ho;i,ajire6pa b C*-ajire6pe B. PaccMOTpiiM nocjie^OBaTejiBHOCTb Z'^{A) noAnpocTpancTB b _B, onpeflejienHbix 

HHflyKTHBHblMH HpaBHJiaMH: 

Z"(A)=0 (1.76) 
Z"+i(A) = {6 G B : Va G A [&, a] G Z"(A)} (1.77) 

TeopeMa 1.8. flAsi bcjikou C* -ame6pu B u aki6ou ee aaMKHymou UHeoAwmueHou nodaA8e6pu A nocAedoea- 
meAhHocmb nodnpocmpaHcme Z"'(A) cma6uAU3upyemc}i Hauunaji c HOMepa n ^ 1: 

Z"{A) = Z"+\A), n^l. (1.78) 

ycjiOBHMca: npoBKmopoM b jiOKajiBHO BbinyKjiOM npocTpancTBe X nasbiBaTb bchkhh jiHHeHHbiii HenpepbiBHbilt 
onepaTop P : X ^ X co cbohctbom HfleMnoTCHTHOCTH: 

= P. 

BcHKHH TaKoii onepaTop fleftcTByeT Kax TOJKflecTBeHHbiit na CBoeM o6pa3e [5j c.37]: 

VyGimP P{y)^y. (1.79) 

JleMMa 1.4. /(yij? ecsiKOZo AOKaAwo eunyKAozo npocmpaHcmea X, Am6ozo npoeKmopa P e X u aw6ozo au- 
HeuHozo HenpepueHoao onepamopa T e X ycAoeue KOMMymupoeanusi 

[T, P] = 

3KeueaAeHmH0 UHeapuaHmHocmu o6pa3a \m P u ndpa KerP onepamopa P omHocumeAbHO onepamopa T: 

T(lmP)ClmP k T(KerP) C KerP. (1.80) 
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floKaaameAbcmeo. 1. IlycTb TP = PT . Tor;i,a ccjih x G Im P, to ecTB x — Px. to Tx — TPx — PTx G Im P. 
EcjiH JKC X £ KerP, to ecTb Px — 0, to PTx = TPx = h nosTOMy Tx G KerP. 

2. Hao6opoT, nycTb BbinojiHeno (jl.SOp . Tor;],a /i,jih bchkoto seKTopa x £ X oGosnanHB 

2:11 = Px, x± = a; — a:|| , 

Mbi nojiyiTHM: 

jxii G ImP =^ r.X|| G ImP 
\x±e KerP =^ Ta;_L e KerP ' 



nosTOMy 



PTa; = Pr(a;|| + x±) = p( + Px^ ) = PTx|| = iLTg)) = Txy = TPx. 



□ 



JleMMa 1.5. /Jam bcsikozo MOKaAbHO etmyKAOZo npocmpaHcmea X , mo6ozo npocKmopa P e X u ^706020 au- 
HeuHozo HenpepuBHoao onepamopa T e X ycAoeue 

[[r,p],p] = o 

eAeuem 3a co6ou ycAoeue 

[T,P] = 0. 

/JoKasameAbcmeo. Ha jiCMMbi [1.41 cjiejiveT. hto npocTpancTsa Im P h KerP HHBapHaHTHbi onepaTopa [T, P]: 

[r,P](lmP) C ImP & [r,P](KerP) C KerP. 
IlepBoe H3 3THX ycjiOBHH osHanaeT, hto fijisi bchkofo a; G I m P cnpaBe/i,jiHBa i;enoHKa 
TPa;-PT3GlmP =^ T^P^GlmP =^ TxGlmP 

m 11 

Im P a: 

A BTopoe - HTO fljia BCSKoro x G Ker P cnpaBe^jiHBa Li;enoHKa 

TPx~PTxeKerP =^ PTa; G KerP =^ P^Tx^O Ta; G KerP. 



BMecTC 3TH flBe Li,enoHKH oanaiaiOT BbinojineHHe ycjiOBHH p.80p , KOTopoe onHTb no jieMMe 11.41 SKBUBajienTHO 
paBBHCTBy [r, P] = 0. □ 

/JoKaaameAbcmeo meoveMu \1.8[ 1. IlycTb cnanajia B - ajire6pa orpaHHHeHHbix onepaTopoB na KaK0M-HH6yflij 
rHjii>6epT0B0M npocTpancTBe H. B = B{H). SaMeTHM, hto npn saMcne A na ero 6HKOMMyTaHT A ' b B{H) 
nocjie;i;oBaTejii>HOCTb noflnpocTpancTB Z"{A) ne MeHHCTca: 

nosTOMy MOJKHO c caMoro na^ajia CHHTaTB, hto A coBna/i,aeT co cbohm 6HKOMyTaHTOM, to cctb HBjiaeTCH 
ajire6p0H 4)oh HeHMana b B{H). Tor^a A nopojKflaeTCH chctcmoh cbohx opToroHajitHbix npocKTopoB P G 
A: A — {P} '. A-fis BCHKoro TaKoro npoeKTopa P h jiio6oro sjieMCHTa T G Z'^{A) mbi nojiynaeM paseHCTBO 
[[T, P],P] = 0, KOTopoe no jicmmc [T751 BjieneT [P, P] = 0. HocKOjibKy npoeKTopti P nopojKflaiOT A, sto bjichbt 
paBcncTBO 

[T,a]=0, aeA. 

To ecTb T G Z^(A), n mbi nojiynaeM BKjnoHenne Z^{A) D Z'^{A). Ono SKBHBajienTno paBcncTBy Z^{A) = Z'^{A), 
KOTopoe B CBOK) onepeflb Bjie^CT (jl.78D . 

2. PaccMOTpHM Tcnepb o6ni,nH cjiynaii, Korp^a B - nponsBOjibnaa C*-ajire6pa. Torfla B BKjia;];biBaeTCH b 
neKOTOpyio ajire6py B{H), n mm nojiynaeM n;enonKy 



ACBC B{H). 
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IlycTb, KRK H paHBine Z"'{A) - nocjie/],OBaTejibHOCTb no/],npocTpaHCTB b i?, onpe/],ejieHHbix paBCHCTBaMH (jl.77l) . 
a Z^(A) - TaKaa jkc nocjieflOBaTejiBHOCTb b B{H) (to ecTb noflnpocTpancTBa, onpeflejiaeMbie paBCHCTBaMH 
p.77p . B KOTopbix B saMeneHO na B{H)). HoKajKeM, hto 

= snz]^(A), neZ+. (1.81) 

^jia n = 3T0 BepHO no onpeflejienHio. HpeflnojiojKHM, mbi flOKaaajiH sto pjiR Bcex hhackcob, hc npeBbiinaiomHx 
KaKoro-TO n G Z_|_. Tor^a fljia n + 1 mbi nojiy^HM i^enoHKy: 



c G B 

Va e 



O Va e [c, a] e B n Z]^(A) = Z"(yl) O c G Z"+^(A). 

t 

npcflnojioKGHHe 



^jiH nocjie/^OBRTejibHOCTH Z^^{A) mm y:a<:e ;],0Ka3ajiH paBCHCTBa 

Zl,(A) = Zl{A), n^l. 

BMecTe c (JjopMyjioft (jl.Sip ohh BjiexyT 

Z"(A) = B n Zl{A) = Bn Z]j{A) = Z\A). 

□ 

Hs TeopcMbi II .81 cjiejiveT 

TeopeMa 1.9. Ecau A - UHeoAwmueHasi cmepeomunHasi aAze6pa, a B - C* -ame6pa, mo dAsi ecsiKozo uneo- 
AwmueHozo zoMOMopcfiusMa cmepeomunHux aAze6p ip : A ^ B nocAedoeameAbHocrrib nodnpocmpaHcme Z"'{ip) 
cma6uAU3upyemcji, Hauunasi c Hojuepa 1: 

Z"((/j) ^ ((/?), n^l. (1.82) 



JJoKaaameAbcmeo. SaMKHyTbiii o6pa3 ip{A) ajire6pbi A npn OTo6pajKeHHH ip aBjiaeTca hhbojiiothbhoh noflaji- 
re6poH B B, npHHCM 

Z"(vp) = Z"(^). 

ITosTOMy (|1.82p HBjiaeTca npocTO cjie^CTBHCM (|1.78p . □ 

(d) KacaTejibHoe h KOKacaTejibHoe paccjioeHHH 
KacaTejibHoe h KOKacaTejibHoe npocTpancTBa. 

• KoMUAeKCHUM KacamcAbHUM ecKmopoM k hhbojiiothbhoh CTepeoTHnnoii ajire6pe A b tohkb s e Spec(^) 
HasbiBaeTca BcaKHii jinHefinbiii neHpepbiBHbiii cjayHKi^Honaji t : A ^ C, y;],OBjieTBopaK)iii,Hii ycjiOBHio: 

T{a-b) ^ s{a) -Tib) +T{a) ■ s{b), a,b e A (1.83) 

MnoiKecTBO Bcex KOMnjieKCHbix KacaTejibHbix BCKTopoB k A b TOHKe s e Spec (A) nasBiBaeTca KOMUAenc- 
HUM KacamcAbHUM npocmpaHcmeoM k A b tohkc s G Spec(yl) h o6o3HaHaeTca CTs[A]. Oho Ha^ejiaeTca 
TOHOjiorHeit, Hpe/;cTaBjiaioiii;eii co6oii nceB/;oHacbiiLi,eHHe TonojiornH paBHOMepnoH cxo/],hmocth na bhojihb 
orpaHHHCHHbix MHOJKecTBax B A (KaK cjieflCTBHC, CTg [A] - CTepeoTHnnoe npocTpancTBO h HenocpeflCTBeH- 
Hoe HOflHpocTpancTBO b A*). 

SaMBTHM, HTO KacaTejiBHBiH BCKTop Bcer^a paBen nyjiio na eflHHHH,e 

r(U) = 0, TeT,[A] (1.84) 

HOTOMy HTO 

t(U) = t{Ia ■ Ia) -= s{Ia) ■t(1a) + r(U) • s(U) = 2r(U). 

II II 
1 1 
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• OopMyjia 



T*{a) = T{a*), a£A. (1.85) 
saflaeT hhbojiioli;hio (b CMbicjie (j0.2p ) he KOMnjieKCHOM KacaTCjibHOM npocTpancTBe CTg [A] . 

• KacameAbHUM eeKmopoM (hjih eeinecmeeHHUM KacameAbHUM ecKmopoM) k hhbojihdthbhoh CTepeoTHn- 
Hoit ajire6pe A b tohkc s e Spec (A) nasbiBaeTca bcskhh BemecTBeHHbiii bcktop (b cmbicjic (j0.3l) ) b 
npocTpancTBe CT^f^] othochtcjibho hhbojiioi^hh (jl.85l) . to cctb KOMnjieKCHBiii KacaTejibHtiii bcktop t : 
A — C, y^OBjieTBopHiomHii ycjiOBHK) 

T{a*)^T{a)\ aeA. (1.86) 

Mhoskcctbo Bcex KacaTejibHbix BCKTopoB vi An tohkb s G Spec(yl.) nasbiBaeTCH KacameAbHUM npocmpan- 
cmeoM K A B TOHKe s G Spec(A) h o6o3HaHaeTca Tsi^]- Oho Ha^ejiHCTCH Tonojiorneii, npe^CTaBjisiomeH 
co6oH nceBflOHacbimeHHC TonojiorHH paBHOMepHoii cxo^hmocth na Bnojine orpaHiiHeHHBix MHOJKCCTBax b 
A. OHeBHflHO, ^^[yl] HBjiaeTCH BeinecTBCHHOii ^lacTbio npocTpancTBa Cr5[yl]: 

Ts[A] = Re{CTs[A]). 

• KoMUAeKCHUM KOKacamcAbHUM npocmpaHcmeoM hhbojiiothbhoh CTepeoTHnHOit ajire6pi>i A b TOHKe s G 
Spec{A) HasbiBacTca CTepeoTHnnoe 4)aKTop-npocTpaHCTBO Hfleajia Is[A] no noflH^eajiy /^[^]- 

CT:[A]:=[lM]/m]y. (1.87) 

3jieMeHTbi STOro npocTpancTBa nasbiBaiOTCa KOMUAeKCHUMU KOKacameAbHUMU eenmopaMU (ajire6pi>i A 
B TOHKC s G Spec(74)). 

• IIocKOjibKy o6a H^eajia Is[A\ h I'^[A\ saMKnyTbi OTHOCHTejibHO hhbojiioli,hh, 4)opMyjia 

{a + PAA])* ^a* +PAAi a e h[A] 

onpeflejiHCT neKyio hhbojiioii;hio na 4)aKTop-npocTpaHCTBe CT*[j4] = [^]^ (xaK ciepeoTHn- 

HOM ^-6HMo;i,yjie) . Hohhtho, hto sto onpeflejienHe Bbi6paH0 Tax, ^To6bi 4)aKTop-OTo6pa}KeHHe tt : — >■ 
{Is/I'^Y nepeBOflHjio HHBOjiK)n,Hio b Ig. HHflyii,HpoBaHHyio h3 a, b onpeflejieHHyK) TaxiiM o6pa30M hhbo- 
JUO\XBXl Ha {Is/I'^Y 

7r(a*) = 7r(a)*. 

• KoKacameAbHUM eeKmopoM (hjih eeinecmeeHHUM KOKacameAbHUM eeKmopoM) ajire6pbi A b tohkb s G 
Spec(A) HasbiBacTca npoH3BOjibHbiH BemecTBeHHbiH bcktop (b cmbicjic ()0.3p ) b npocTpancTBe Cr^*[A], 

TO eCTb HpOHSBOJIBHBIH KOMHJieKCHblH KOKaCaTejIBHHH BCKTOp ^ G CT* [A\ , HHBapHaHTHblH OTHOCHTejHjHO 
HHB0JHOn,HH * B CT* [A] ! 

r-e (1.88) 

MnoiKecTBO Bcex KOKacaTejibHbix BCKTopoB ajire6pbi A b tohkc s G Spec(^) nasbiBaeTca KonacameAbHUM 
npocmpaHcmeoM (ajire6pbi A b tohkb s G Spec(y4)) h o6o3HaHaeTCH r*[v4]. OneBHflHO, [A] aBjiaeTca 
Beni,ecTBeHHOH nacTbio CT* [A\ : 

t:[a] = r^ct:[a]. 

TeopeMa 1.10. OopMyAa 

r(a) = (/0 7r)(a-s(a)-U), a & A, (1.89) 

ycmaHaeAueaem 

— 6ueKV,uw Meatcdy KOMUAeKCHUMU KacamCAbHUMU eenmopaMU r G T5[74] k aAze6pe A e moHKe s u au- 
HeuHUMu Had C HenpepuenuMu (pyHKi^uoHaAaMu f : <CT*[A] C na KOMUAeKcnoM KonacameAbHOM 
npocmpaHcmee CT*[A], npuueM ama 6ueKv,uM sieAfiemcsi u30Mop^u3MOM cmepeomunHux npocmpaHcme 

ct,[A]-ct;[^]*, (1.90) 

— 6ueK'num Meatcdy KacamcAbHUMU eeKmopaMU t G T5[yl] k aAze6pe A e moHKe s u auhcuhumu Had R 
nenpepuBHUMU (^yHKU^uoHaAaMU f : T*[A] — > M, npuneM 3ma 6ueKV,UM MeASiemcM uaoMop^usMOM cme- 
peomunHux npocmpancme 

ua]^t:[a]i. (1.91) 
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/JoKaaameAbcmeo. /Jjia nac s^ecb sajKHa BTopaa nacTb yTBepjKfleHHH, nosTOMy mbi flOKajKCM ee. 

1. noKa>KeM CHanajia, hto fljia BCSKoro 4)yHKii,HOHajia / G T^*[A]g (JjopMyjia (jl.89p onpe^ejiHeT hckhh 
KacaTejibHbiii eeKTop t G Tsi^]- JiHHeiiHOCTB, HcnpepbiBHOCTB ii BemecTBeHHOCTb 4)yHKD,H0Hajia r ohcbhahbi, h 

HyjKHO TOJIBKO npOBCpHTB (|1.83l) . flCHCTBHTejIBHO, flJIH JIIo6l>IX a,b Cz A Mbl nojiyHHM: 

r(a-6)-s(a)-T(6)-T(a)-s(6) = (/o^)(a.6-s(a-&)-U)-s(a)-(/o7r)(6-s(6)-U)-(/o^)(a-s(a).U)-s(6) = 
(/o7r)(a- 6 - s(o) • 6 - a • s(6) + s(a) • s(6) • U) = (/ o tt) f (a - s(a) ■ 1a) ■ {b - s{b) • U) ) = 

V- v ' " V '-^ 

m m 

Is 

(noTOMy HTO 7r|^2 =0). 

2. Hao6opoT, ecjiH r £ TLf^], to ^jia jiio6bix a,b ^ Ig mh nojiy^HM 

T(a • 6) = s(a) •r(6) + T(a) • s(6) = 0, 

II II 



OTKy^a t|^2 = 0, h nosTOMy nponycKacTCH nepea 4)aKTop-OTo6pa}KeHHe tt : Ig ^ [Ig/If)^ : 

t\j = / o ti" 

flJIH HCKOTOpOrO / G ((/s//2)^)*. To eCTb 

t{x) = f{7T{x)), X G Is- 

IIpH 3T0M, nocKOJibKy r H TT coxpaHHiOT HHBOJiK)n,HK), npHHCM TT HMCCT njiOTHbiH o6pa3 Ha o6jiacTH onpe/;ejieHHfl: 
/, 4)yHKn,H0Haji / TOJKe flOjiaceH coxpanHTb hhbojiioli,hk), h ananHT 

/ G Re ((/.//|)^); - Re {CT:[A])1 - (EISl) = ( ReCr*[A]); = T;[A]^. 

HaKOHen;, /ijih BCSKOro a G A mm nojiyHHM 

T(a) = r(a) - s(a) • t(1a) = r( a - ^(q) ■ 1a ) = /(7r(a - s(a) • Ia)^ 

II m 


3. Tenepb nyjKHO y6eflHTbCH, hto OTo6pa}KeHHe t i— > / HBjiHeTCH roMeoMop4)H3MOM. HanneM c npocTpan- 
CTBa CTs[A] KOMnjieKCHbix KacaTejibHbix BCKTopoB. TonojiorHH na CTs[yl] onpeflejiaeTCH xax nceB/^OHacbimeHHe 
TonojiorHH paBHOMepHoii cxo;i,hmocth na Bnojine orpaHHHeHHbix MHOJKecTBax b A, to bctb TonojiornH, nopojK- 
;i,aeM0H nojiynopMaMH 

|r|^ = sup \T{a)\ 

aeK 

rfle K npo6eraeT cncTCMy Bcex bhojihc orpaHHHCHHbix MHOJKecTB b A. /Jjih BCHKoro laKoro K (1 A mokho 

paCCMOTpCTb MHOJKeCTBO 

Tk ^ {a - s{a) • 1a; a G K}, 

KOTopoe, B OTjiHHHe OT K, jiejKHT B Hflcajie Is- Ho, KaK H K, MHOJKecTBO Tk Bnojine orpaHH^^eHO b A, h SHaniiT 
H B /s (ecjiH CHHTaTb, HTO /s HaflejiCHO Tonojiorneii Henocpe^CTBCHHoro CTepeoTHnnoro no;i,npocTpaHCTBa b A). 
IlpH 3T0M SHaneHHe nojiynopMbi |r|j, paBHO SHaneHHio nojiynopMbi ItIj.^: 

\t\j,^ = sup |r(x)| = sup |T(a - s(a) • 1a)| = sup \T{a)\ = |r|^ 

ajSTx aG-R" aG-ftT 

OTCio;i,a MOJKHO saKjuo^^HTb, HTO TonojiorHs npocTpancTBa CTs[A] coBnaflaeT c nceBflonacbimeHHeM Tonojioruu 
paBHOMepHoii cxoahmocth na buojihc orpaHHT^euHbix MHOJKecTBax b Is (a ne npocTO b A). B^oSaBOK, bchkhh 
4)yHKLi,H0Haji T G CTs [A] o;i,H03HaHHO onpe^ejiHeTCH cbohm orpaHHiieHHeM na Hfleaji Is . HosTOMy CTg [A] mo>kho 
CHHTaTb HenocpeflCTBeuHbiM no/i,npocTpaHCTBOM b CTepeoTunHOM npocTpancTBe /* , flBoiicTBeHHOM k Is : 
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IIpH 3T0M Crs[^] aHHyjiiipycT noflnpocTpancTBO , a ana^iiT, h no/;npocTpaHCTBO nosTOMy CTs[A] ecTb 

HenocpeflCTBCHHoe noflnpocTpancTBO b aHHyjiHTope (^^s^ npocTpancTBa c Tonojiorneft nenocpeflCTBeHHoro 
noflnpocTpancTBa b /*: 



B CHjiy TOJK^ecTBa [U (4.5)], npocTpancTBO b npaBoit lacTH SToro paBCHCTBa ecTecTBenHO h30mop4)ho conpa- 
jKeHHOMy npocTpancTBy k CTepeoTHnnoMy cjaaKTOp-npocTpancTBy [ig/ if) ■ 



CT,[^]c(/2 ^CT:[A]i. (1.92) 



IIojiy^aeMoe b peayjibTaTe BjiojKeHHe Crs[A] (/<;//^)^ npeflCTaBjiaeT coGofi KaK pas OToGpajKCHiie t i-^ f, 
onpeflejiaeMoe cjaopMyjioft (|1.89p . HocKOJibKy, KaK mbi y>Ke nonajiH, 3Ta 4)opMyjia sa^aeT 6HeKii,HK), mbi nojiyna- 
eM, HTO BjiojKeHHe B Li;enoT^Ke (jl.92l) flOjiJKHO 6biTb paBCHCTBOM, npniCM paBencTBOM CTepeoTHnnbix npocTpancTB 

(nocKOjiBKy CTs [A] - HenocpeflCTBCHHoe noflnpocTpancTBO b I ) ) : 



Tenepb nepexo^a k BemecTBeHHOii nacTH, mbi nojiynaeM: 



□ 



npe/i;jio>KeHHe 1.7. /I^am bcsikozo zoMOMopcfjuaMa UHeoAwmueHux cmepeomunHux ame6p if : A ^ B u Am6ou 
moHKu t e Spec(_B) (popMyAa 

ip*ir){a)=T{ip{a)), r e Tt{B) (1.93) 

onpedeAsiem AuneuHoe Henpepuenoe omo6pacHceHue KacameMbHux npocmpaHcme ip^ : Ttoip [^] ^ 7t [B] . 

IIpHMep 1.1. CymecTBycT mohomopcJjhsm hhbojuothbhbix CTepeoTHnnbix ajire6p : A — > i?, npn KOTopoM 
OTo6pa>KeHHe KacaTejitHbix npocTpancTB Lp^ : Ttoip[A] <— T([i3] ne aBjiacTca 3nHMop4)H3MOM ^jia HCKOToporo 
t e Spec(i?). 

/JoKaaameAbcmeo. TaKHM mohomop4)H3mom Gy^ei ecTecTBCHHoe BjiojKCHHe 4)yHKLi,H0HajibHi>ix ajire6p C°°(R) C 
C(M). fljia jiK)6oH TOHKH t 6 R cooTBeTCTByromee OTo6pa}KeHHe KacaTCjibHbix npocTpancTB 

: Tt[C°°(M)] =R^0 = Tt[C{R)], 

KOHCHHO, He MOJKCT 6i>iTb 3nHMop4)H3MOM (to cctb b flaHHOM cjiyHac cropTjeKi^Hefi) . □ 

KoKacaTejibHoe paccjioeHHe T*[A]. SaMCTHM, hto BcaKaa nenpepbiBHaa nojiynopMa p : It — > M+ onpe^e- 
jiaeT nojiyHopMy p' na (JjaKTop-npocTpancTBe €.Tf{X) ~ {it/If) no (JjopMyjie 

p'{x+lf):^ inf p(x + y), x € X. (1.94) 

PaccMOTpHM Tenepb npaMyro cyMMy mho^kbctb 'CT^{A) 

CT*{A)^ □ CT*(A)= □ (Vi?)' 

ieSpec(A) teSpec(A) 

H o6o3HaHHM Hcpe3 TT ecTecTBeHHyK) npocKn,Hio <CT*{X) na Spec (A): 

TT : J^(X) ^ Spec(A), tt^x + J^ -x) = t e Spec(A), x G X. 

KpoMe Toro, fljia BcaKoro BeKTopa x ^ A mm paccMOTpnM OToSpajKenne 

T*(a;) : Spec(A) ^ CT*(X) T*(a;)(t) ^x~ t{x) • 1a + if . 
rionaTHO, nTO pjia BcaKoro x £ A 

TT O T*{x) = idspec(A) • 
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JTeMMa 1.6. JI^asi bcjikozo SAeMenma x d A u Ato6ou Henpepuenou noAynopMU p : A ^ M-|_ omo6pajiceHue 
t G Spec(j4) ^ p* {T* {x){t)) e R+ noAynenpepueHO ceepxy. 

/^OKaaameAbcmeo. IlycTb t G Spec(yl.) h £ > 0. YcjiOBHe 

p'{T*[x){t)) =p1{x^ t{x) ■lA+lf)= inlpCx - t{x) ■lA + y)= inf p{x - t{x) ■lA + y)<e 

yeif y^i? 

03HaHaeT, hto ^jih neKOToporo y G if BbinojiHaeTca: HepaseHCTBO 

p{x - t{x) -lA + y) < e. 

3to b cbok) onepeflb osHanaeT, hto cymecTsyeT hhcjio m G N h bcktopbi a^, a™, 6^, &™ G It Taime, hto 

p{^- t{x) • U + • ^'^ j < ^- (1-95) 

J\jlZ JIK)6bIX HHCejI 

A G C, a = {a^; 1 fc < m} C C, /3 = {/S''; 1 A: m} C C 

0603HaHHM 

/(A, a,P)^p(^-\-lA + - • ^A) ■ (6' - /3" • U)^ . 

OyHKLi,HH (A,a,/3) i-^ f{X,a,f5) b tohkc (A, a,/?) = (i(a;),0,0) coBna/],aeT c jicboh nacTtK) (|1.95l) h nosTOMy 
yflOBjieTBopHeT HepaBencTBy 

/(t(a;),0,0) <e. 

C flpyroii CTopoHbi, ona nenpepbiBHa, KaK KOMno3Hi];HH MHoroHjiena ot 2m + 1 KOMnjieKCHtix nepeMennbix 
CO SHaHCHHHMH B jiOKajiBHO BbinyKjiOM npocTpaHCTBC X H HenpcpbiBHOii 4)yHKii;HH p X. SnaHHT, flOjiacHO 
cymecTBOBaTb hhcjio S > TaKoe, hto 

VA,a,/3 \X-t{x)\<d & max|aM<5 & max l/S*^ I < ,5 =^ /(A,a,/3)<e. (1.96) 

k k 

PaccMOTpHM flajiee MHOJKecTBO 

U ^ {s e Spec{A) : \s{x) ~ t{x)\ < d & max |s(a'') | < J & max |s(6'') | < 5}. 

Oho OTKpbiTO h coflepjKHT TOHKy t (noTOMy hto \t{x) — t{x)\ = < S, a bkjhohchhh G It osHanaroT 

CHCTCMy paBencTB t{a^) = t{b^) = 0, 1 ^ A: ^ m). C ppyroVi CTopoHbi, pjiR bcskoh tohkh s ^ U, paccMOTpcB 
HHCJia 

X = six), a'' = s{a^), jS'' ^ s{b^), 
Mbi nojiyHHM, BO-nepBbix, s{a^ — ■ 1a) — s{a^) — ■ s{1a) = s{a^) — s{a^) = 0, to ecTb 

- -Ia^Is 

BO-BTOpblX. no TBM JKB npHHHHaM, 
H, B-TpCTBHX, 

A-t(a;)|<5, max la*" I = max I s(a''') I < 5, max = max |s(6''')| < (5, 



TO ecTb, B CHjiy (ll.96p . 



m \ 

A- U + V(a'=-a'=- U) ) =/(A,a,/3) <e 
/ — 1 V V / 



Pi 2; 

k=l 



3to Moamo noHHMaTb Tax, hto ^jih neKOTopoii tohkh z £ I^ BbinojiHaeTca HepaseHCTBO 

p{x — s{x) ■ Ia + z) < 
KOTopoe, B CBOio OHepeflb, bjichbt 3a co6oh nepaBencTBO 

Ps{T* {x){s)) — Ps{x — s{x) ■ 1a + Is) — mi_p{x — s{x) ■ 1a + z) = inf p{x — s{x) ■ 1a + z) < e 

Oho Bcpno pjlr bchkoh tohkh s h3 OKpecTHOCTH U tohkh t, h KaK pa3 sto HaM n nyjKno 6i>ijio /i,OKa3aTb. □ 
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B cjieflyiomeH TeopeMe mbi oniicbiBaeM Tonojiornio na KOKacaTCjibHOM paccjioenHH T*{A) — \_\teSpec{A) '^ti^)^ 

O^HaKO TO^^HO TBMH JKe paCCyjKfleHHSMH BBOflHTCH TOHOJirHH Ha KOMnjICKCHOM KaCaTCJIbHOM paCCJIOCHHH CT*{A) = 
U*eSpec(A)Cr,*(A). 

TeopeMa 1.11. /I,aji bcmkou UHOOAmmueHou cmepeomunHou aji2e6pu A npsiMasi cyMMa cmepeomunHux cfiaKmop- 
ModyAeu 

T*{A)= □ t:{A)= □ Re [it/ If y 

teSpec(A) teSpec(A) 

o6Aadaem eduHcmeeHHOu monoAozueu, npeepayut,awtii,eu npoeK'num 

IT : T*{A) Spec(A), 7r(x + If) ^ t, t e Spec(yl), x e A 
e AOKGAhHO euuyKAOe paccAoenue c cucmeMoil noAynopM {p*; p G 7^ (A)}, Bah Komopozo omo6pacHceHue 

xeA^ T*{x) G Sec(7r) T*{x){t) =x+lf, te Spec(A), 

HenpepuBHO nepeeodum A e cmepeomunHoe npocmpaHcmeo Sec(7r) nenpepuemix ceueHuu n. IIpu amoM Baay 
monoAozuu T*{A) o6pa3ymm MHoatcecmea 

W{x, U,p,e) - G T*{A) : 7r(e) G C/ & - T*{x){tt{0)) < e] 

zde x £ A, p £ V^A), e > 0, U - orriKpumoe MHOotcecmeo e M ; 

• Paccjioemie tt : T*{A) — > Spec(yl) nasBiBaeTca KOKacameAbHUM paccAoenueM ajire6pM A. 

/loKasameAbcmeo. Ha jicmmm 11.61 h npe/iJiojKeHHH 11.21 cjiepyei cymecTBOBanHe h eflHHCTBeHHOCTb TonojiorHH 
Ha T*(A), ^jiH KOTopoii npoeKE,Ha: tt : T*{A) — > Spec(A) npeflCTaBjiaeT co6oit jiOKajitHO BbinyKjioe paccjioeHne 
c HOjiynopMaMH p*, a ce^^enHH BH/i,a T*{x), x € X, 5y;i,yT HenpepbiBHbiMH. HenpepMBHOCTb OTo6pa>KeHHH 
X £ A ^ T*{x) G Sec(7r) ^OKasbiBaeTCH HMnjiHKai^Heii 

p*{TT{x){t)) = inf p{x + y) p{x) => supp'(7r"(a;)(<)) 

yeit teT 

flJiR BCHKoro KOMnaKTa T C M. CipyKTypa 6a3hi TonojiorHH b T*{A) TaKJKe cjie^yeT h3 npeiijioateHHg [TT^ □ 

KacaiejifaHoe paccjioeHHe T[A]. IlycTb (p : A ^ B - roMOMopcJjHSM hhbojhothbhbix CTepeoTHnnbix ajire6p. 
JlHHeitHoe (nafl C) nenpepbiBHoe OTo6pa>KeHHe D : A ^ B nasbiBaeTca ducpcfiepeH'nupoeaHueM W3 A b B 

OTHOCHTCJIBHO if, eCJIH CnpaBC/^JIIIBO TOJKfleCTBO 

Dix*)^D{x)\ D{x-y) = D{x)-cp{y)+cp{x)-Diy), x,y € A. (1.97) 

MnoiKecTBO Bcex flH4)4)epeHLi,HpoBaHHH vl3 Ab B OTHOCHTejibHO if MM o6o3HaHaeM Der^p{A, B). B nacTHOM cjiy- 
Hae, ecjiH A = B vnp — id^, npHHHTO roBopHTb npocTO o flH4)4)epeHD;HpoBaHHHx b A, ii npn stom iicnojibayeTCH 
o6o3HaHaHHe 

Der(A) := Derid^(A,A). 

ITpocTpaHCTBa Der^(A,i?) h Der(A) naflejiaiOTca TonojiornsMH HenocpeflCTBeHHbix noflnpocTpancTB b npo- 
CTpaHCTBax onepaTopoB Mor(A, _B) h Mor(A, A). 

TeopeMa 1.12. Ecau MHoatcecmeo aHaueHuu du(fi(^epeHii,upoeaHU}i D : A ^ B Aejtcum e 'nenmpe aAze6pu B, 

D{A) C Z{B), (1.98) 

mo D jiBAJiemcM ducfjcfjepeHViUaA'bHUM onepamopoM nopsidKa 1. KaK CAedcmeue, e amoM CAyuae D onpedcAsiem 
HeKuiL MopcfjusM paccAoeHuu cmpyu ji[D] : J\{A) — >■ J^(_B), ydo6AemeopMmw,uu momcdecmey 

f{Dx)=h[D]oj\x), x£A. (1.99) 

ffoKaaameAbcmeo. Ha TOJKflecTBa (jl.97p cjieflyeT 

[D ,a]{x) ^ D{a ■ x) ~ a ■ D{x) ^ D{a) ■ X + a ■ D{x) ~ a ■ D{x) = D{a) ■ x, 

H3 KOTOpOrO, B CBOIO o^^epeflb, 

[[D,a],b]{x) ^ [D,a]{b-x)-b- [D,a\{x) = D{a) ■ b ■ x - b ■ D{a) ■ x = (fTM = 0. 
To ecTb D sBjiHeTCH ^H4)4)epeHn,HajibHbiM onepaTopoM nopa;];Ka 1 . Hocjie SToro npHMenaeTCH TeopeMa 11.61 □ 
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TeopeMa 1.13. Bcmkoc du(f}(f}epeHii,upo6aHue D : A A aAze6pu A e KaotcdoU mouKe cneKmpa t G Spec(^) 
onpedeAMem KacameAbHuu ecKmop no (^opMyjie 

D'^{t){x) =t{D{x)), xeA. 

/(oKasameAbcmeo. ^eiicTBHTejibHO, 
D'^{t){a ■ h) = t{D{a ■ h)) = t{Da ■ b + a ■ Db) ^ t{Da) ■ t{b) + t{a) ■ t{Db) ^ D^{t){a) ■ t{b) + t{a) ■ D^{t){b). 

□ 

Hs npenjioateHHg [T31 cjieavcT 

TeopeMa 1.14. Ilycmb y UHeoAwmueHou cmepeomunHou aAze6pu A cneKmp Spec (A) fieAsiemcfi xaycdop(f)o- 
euM npocmpaHcmeoM, a MHOotcecmeo Der(A) du(ji)(f)epemji,upoeaHuu UMeem nAomHuu CAed e KaanzdoM Kaca- 
meAbHOM npocmpaHcmee: 

{A; D e Der(A)} = Tt[A]. 
Tozda npfiMasi cyMMa cmepeomurmux npocmpaHcme 

T[A] = □ Tt[A] 

teSpec(A) 

o6Aadaem monoAOZueu, npeepaiu,amm,eu npoeKii,um 

Ta : T[A] ^ Spec(A), TAir) ^ t, t e Tt[A] 
e conpROtceHHoe paccAoenue k KOKacamcAbHOMy paccAoenum T*[A]. Upu smoM omo6pastceHue 

D e Der{A) ^ D'^ e Sec(r[^]) {s){a) = s(Da), a e A, s e Spec(A), 

Henpepueno nepeeodum Der(A) e cmepeomunHoe npocmpancmeo S&c{T[A\) nenpepuenux ceueHuu paccAoenuJi 
T[A]. 

• PaccjioeHHC Ta '■ T[A] — s- Spec(yl) naabiBaeTCH KacameAbuuM paccAoenueM hhbojiiothbhoh CTepeoTHnHoit 
ajire6pbi A. 

TeopeMa Hax6HHa. IlycTb C°°{M) - ajire6pa KOMnjieKCHOSHa^Hbix rjiaflKHx 4)yHKii,HH na rjia;i,KOM MHoroo6- 
pasHH Af , Ha^ejieHHaa o6biHHOH TonojiorHeii paBHOMepnoii cxoahmocth na KOMnaKTax no KajK^oft npoH3BOflHOH. 
CjieflyiomHit BapnanT TeopeMbi Hax6HHa o noflajireSpax b ajire6pe C°°{M) (|18j. cm. TaKJKC MOHorpacJjHio 
HrpaeT b flHcJxJjepeHi^HajiBHOH reoMeTpHu Ty jkc pojit, KaKyro TeopeMa CToyHa-BeiiepniTpacca nrpacT b toho- 

JIOrHH. 

TeopeMa 1.15. Uycmb A - uHeoAwmueHan cmepeomunHaji nodaAze6pa e aAzeCpe C°°{M) zAadnux cfiyuK- 
v,uu Ha MHOzoo6pa3uu M. JJaji mozo, Hmo6u aAze6pa A 6uAa nAomna e C°°{M), Heo6xoduMO u docmamouHO 
eunoAHBHue CAedyminux deyx ycAoeuu: 

(i) A paadeAMem mouKU M: 

\fs^teM 3a e A a{s)^a(t), 

(a) dAM ecMKOu moHKU s Cz M u AK160Z0 HenyAeeozo KacamcAbHozo eenmopa r G Ts{M) Haudemcn SAeMeHm 
a ^ A, Ha KomopoM eeKmop r He paeen nyAw: 

VrGT,(M)\{0} 3a G A r(a) ^ 0, 

§ 2 C°°-ajire6pbi h C°°-o6ojiohkh 

(a) Ajire6pbi CTeneHHtix pa^OB c K034)4)HLi,HeHTaMH b C*-ajire6pax 

IlycTb TO G N - HaTypajiBHoe HHCjic|f|. Ycjiobiimch MyAbmuundeKCOM fljiHHbi to nasbiBaTb npoHSBOjibnyio kohch- 
Hyio nocjieflOBaTejiBHOCTb /^jihhbi to HaTypajibHbix ^inceji 

fc = (fci,...,fc™), k,eN. 



^Bcio^y no/], HaTypajibHbiMH "^HCJiaMH N mbi noHiiiviaeM ri;ejibie HeoTpHLi,aTejii>Hi>ie Mucjia: N = {m € Z : m ^ 0}. 
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/]^jiH flByx MyjibTHHHfleKCOB k,l G HepaBCHCTBO I ^ k onpe;;eji}ieTC5i noKOop^HHaTHo: 

l^k <^=^ Vi = l,...,m k ^ ki. 
CyMMoU flByx MyjibTHHH^eKCoe A;, / G N™ mh 6yfleM naabiBaTb MyjibTHHH;i,eKC 

fc + ; = (fci + + l^). 

EcjiH 5Ke Z ^ fc, TO Hx paaHocmb onpe;i,ejiHeTcsi paBencTBOM 

k I = (fcl Zl, /uTTi Zm)- 

KpoMe Toro, ModyAb h ^nmopuaA MyjibTHHimeKca A; € N™ onpe;i,ejiHK)TCH paBencTBaMH 

|fc| =ki + ... + fcm, k\ = ki\ ■ ... ■ kml 
B cooTBeTCTBHH c nocjieflHeit 4)opMyjioit, GHHOMHajibHbiii K034)4>Hi],HeHT npe;],CTaBjiHeT co6oit hhcjio 

fc! 



J J l\-{k-l)l 

nycTb flajiee B — npoHSBOJiBHaa C*-ajire6pa. PaccMOTpHM ajireGpy 

B[[m]]=B^'", 

cocTOHmyio H3 BceBOSMOJKHbix OTo6pajKeHHH X : — >■ B, hjih, hto to jkc caMOo, ccmchctb X = {xfe; k G N™} 
3jieMeHT0B H3 B, HH/i,eKCHpoBaHHbix MyjibTHHHfleKcaMH PfHWHbi m. Ha i?[[TO]] aa^aeTCH TonojiornH noKOop/pi- 
HaTHoii cxo/piMOCTH 

i— 7-00 i— >oo 

a ajire6paHHecKHe onepaii;HH b i?[[m]] - HHBOJiioii,Ha, cyMMa, yMHOJKeHHe Ha CKajiap h nponsBe^eHHe - onpe^e- 
jiaiOTca 4)opMyjiaMH 

{x*)k = {xkT, X G B[[m]], G (2.1) 

{x + y)k = Xk + yk, x,t/GS[[m]], fcGN" (2.2) 

{X-x)k = \-xu, A G C, a; G B[[m]], fc G (2.3) 

[x ■y)k= J2 ""k-i -m, x,ye B[[m]], A; G N™ (2.4) 

E;piHHi],eH B B[[m]] 6y/i,eT, KaK jierKO nonsiTb, ceMeiiCTBO 

fl, fc = , , 

S[[m]] 

SjieMCHTbi i3[[?Ti]] y^oGno npe^CTaBjiHTB ce6e KaK CTenennbie pH;i,bi ot m nesaBHCHMbix nepeMennbix ti, Tm- 

x= ^ Xk-r'', 

r^e no^ r'^ noHHMaeTCH cJaopMajibHoe npoHSBefleHHC 

t'' = t''' ■ ... ■ t''^ , 



yflOBjieTBopaiomee TOJKflecTBy 



I k+l 
T ■ T = T . 



Tor^a cyMMa, yMHOJKeHne na cxajiap h npoHSBe^eHne b i?[[m]] onncbiBaiOTCH (J)opMyjiaMH fljia CTenennbix 
paflOB: 

x + y='^{xk+yk)-T'', X-x= '^{\-Xk)-T^, a; ■ ?/ = ^ ^ Xk-i ■ yi \ ■ T^. 
feeN"" feeN™ /seN"» Vo^Kfe / 



§2. C°° -ajiredpbi H C°° -odojiOHKM 
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CncTeMbi HacTHbix npoHSBO^HMX H Mop4)H3MBi CO 3HaHeHHHMH B ajire6p£ix CTeneHHBIX pH/i;oB. 

riycTb A - HHBOjiiOTHBHaH CTcpeoTHnHaH ajirc6pa, a _B - C*-ajire6pa. CncTeMa onepaTopoB Z?^ : A ^ 
k G N™ , HasbieaeTCH cucmeMou Hacmnux npouaeodnux h3 A b 5 pasMepnocTH to £ N, ecjiH ona y^OBjieTBopaeT 

yCJIOBHHM: 

Dk{a*) ^ Dk{a)\ fc G N", (2.6) 

.GN-MGA, (2.7) 

Dfc(a-6)= ^ Of\ ■ Dk^i{a) ■ Di{b), A; G N™, a, 6 e A (2.8) 

B nacTHOCTH, 3T0 osHanaeT, hto onepaiop : A ^ B ppjuKen 6biTij hhbojiiothbhbim roMOMop4)H3MOM ajire6p, 

Doia*) ^ Do{a)* , i^o(l) = 1, Doia ■ b) ^ Doia) ■ Do{b) , a, 6 G A 

A B cjiynae |fc| = 1 onepaTopbi 1?^ : A ~^ B flOjiJKHbi 6i>iti> flH(J)4)epeHD;HpoBaHHHMH othochtcjibho roMOMop- 
(i)H3Ma -Dq: 

I?fc(a • 6) = Dk{a) ■ Do{b) + Dn{a) ■ Dk{b), a, 6 G A. 

TeopeMa 2.1. J],am Am6ou uHeoAwmueHou cmepeomunHou aM8e6pu A u aki6ou C* -aAge6pu B (popMyAa 

D{a)k^Dk{a), fc G N", a€A (2.9) 

ycmaHaeAueaem esauMHO odHoanaHHoe coomeemcmeue Meanzdy eoMOMop(pu3Ma.MU UHeoAwmueHux cmepeo- 
munnux aAze6p Z? : A — > _B[[m]] u cucmeMaMU uacmnux npouaeodnux {Dk\ k G N™} U3 A e B . 

JJoKaaameAbcmeo. 1. Ecjih D : A ^ i?[[TO]] - roMOMop(|)H3M ajire6p, to onpeflejiHB OTo6pa>KeHHa {-D/t; k G 
N™} . A ^ B no 4)opMyjie (j2.9p . mbi nojiynnM, BO-nepBbix, ^jih jiio6oro a £ A 

Dk{a*) = D{a*)k - {D{ay) ^ = (EH) = (i?(a)fc)* = (^fc(a))*, 

BO-BTOpblX, 

Dk{l) = D{l)k = lk = (EHI) = 



1, fc = 
0, fcT^O' 



H, B-TpeTBHX, fljia JIK)6l>IX a, G A 

i^fc(a-6) = (Illl) = D(a-6)fe = (l?(a)-I?(6))^. -(HID - ^ i?(a)fc-; • i?(6)i = (EH) = ^ Dk-i{a) ■ Di{b). 

To ecTb BBinojiHaiOTca TOJKflecTBa (j2.7p h (j2.8p . h sto SHa^HT, hto ceMefiCTBO {-Dfc; fc G N™} cctb CHCTeMa 
nacTHbix npoHSBOflHBix us A B B. 

2. Hao6opoT, ecjiH {-D^-; fc G N™} - CHCxeMa nacTHbix npoH3BO/i,Hbix h3 A b _B, to, onpe^ejinB OTo6pa>KeHHe 
D : A ^ B[[m\] (JjopMyjiofl: (j2.9p . mbi nojiy^HM, BO-nepBbix, ;i,jiJi jiioSoro a E A 

D{a*)k = Dk{a*) = (EH) = Dkia)* = (Z?(a)fc)*, 

BO-BTOpblX, 

H, B-TpeTBHx, fljiH jiK)6i>ix a,b G A 

D{a-b)k^&^Dk{a-b)^^^ ^ i?fc-;(a) ' A(6) = (EH) = 

= J2 D{a)k-i-D{b)i^^^{D{a)-D{b))^ =^ D{a ■ b) = D(a) ■ D(b). 

To ecTb D : A ^ B[[m\] aBjiaeTca hhbojiiothbhmm roMOMOp(|)H3MOM. □ 
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IIpHMep 2.1. IlycTb M - rjia/],Koe MHoroo6pa3He pasMepnocTH m, Lp : U V - jiOKajiBHaa KapTa, r^e U C M , 
V C R™ n K C_ U - KOMnaKT. Torfla cncTCMa onepaTopoB 



HBjiHeTCJi CHCTeMoit TiacTHbix npoHSBOflHbix Ha C°°{M). CooTBeTCTByiomHfl: eft roMOMopcjjHSM ajire6p 
D : C°°{M) — >■ C(ii')[[m]] npeflCTaBjiaeT co6oft CHCTeMy orpaHHHeHHft na KOMnaKT K ^^acTHbix npoHSBO^Hbix 

flaHHOH (J)yHKLI,HH: 

{D{a))k^Dk{a)\^ 

HacTHbie npoH3BO/i,HBie KaK /i,H4)4)epeHii,Hajii>Hbie onepaTopti. IlycTb. no-npejKneMy, A - ciepeoTHn- 
Haa ajire6pa c HHBOJiioipieH, a, B - C*-ajire6pa, h {Dk', k G N'"} - CHCTCMa nacTHbix npoHSBO^Hbix m3 A b B. 
Tor^a roMOMop4)H3M if = Dq : A ^ B npcBpamaei B b Mo;i,yjib na;; A^ h nosTOMy pjia BCSKoro onepaTopa 
P : A ^ B m jiio6oro sjieMenTa a G A onpe/;ejieH KOMMyiaTop [P, a] : A ^ B. 

npe/i;jio>KeHHe 2.1. JJ^ah bcmkou cucmeMU uacmHux npouaeodnux {Dk', k G N™} U3 A e B KOMMymamop 
onepamopoe Dk c npouaeoAbHUM SAeMCHmoM a G A omHocumeAbHO soMOMopcfjuaMa Dq : A B deucmeyem 
no cjjopMyAe 

'k^ 



[Dk,a] ^ \l] ■Dk-i{a)-Di (2.10) 

npuHCM, npu k — sma (popMyAa npuo6pemaem eud 



[Do,a\={). (2.11) 

Jl^oKaaameA'bcmeo. TojKflecTBO (j2.1ip BbinojinaeTCH TpHBuajibHO, nocKOjiBKy Dq - roMOMop4)H3M. A (j2.10p flo- 
KasbiBaeTca n,enoHKOH 

[Dk,a]{x)^Dk{a-x)~^{a)-Dk{x)= ^ 0"^ ■ Dk-i{a) ■ Di{x) ^ D^ia) ■ Dk{x) ^ ^ 0^] ■ Dk-i{a) ■ Di{x). 



^ I K — l\^J -^UV^/ ^K\'^J — / ^ 1 ^ 



□ 



TeopeMa 2.2. /I^am Am6ou cucmcMU uacmHux npouaeodnux [Dk] k G N™} U3 UHeoAwmueHou cmepeomunHou 
aAze6pu A e C* -aAze6py B cAedyww,ue ycAoeun sKeueaAenmHu: 

(i) onepamopu {Dk; k G N'"} sieAfimmcfi du(^epeHii,uaA'bHUMU onepamopaMU U3 A e B oniHocumeAbHO 
zoMOMopcfjusMa Dq : A ^ B c nopndKaMU, He npeeocxodnmuMU ModyAeu ceoux undeKcoe: 

G Diffl'=l(I?o), (2.12) 

(ii) Bam mo6o20 MyAtmuundeKca k > SHaueHusi onepamopa Dk AeMcam e npocmpaHcmee Z^^\Dq): 

Dk{A)QZ\''\{DQ), fc>0. (2.13) 

(Hi) dAM Aw6oeo MyAbmuundeKca k > SHaueHUM onepamopa Dk Aeotcam e npocmpaHcmee Z^{Dq): 

DkiA)CZ\Do), k>0. (2.14) 

• CncTeMy nacTHbix npoH3Bo;],Hbix [Dk] k G N™} U3 A b B mbi 6yfleM nasbiBaTb du(p(pepeH'u,uaA'bHou, 
ecjiH OHa yflOBjiCTBopaeT SKBHBajieHTHbiM ycjiOBHHM (i)-(iii) TeopeMBi 12.21 B stom cjiy^ae roMOMop4)H3M 
HHBOjiiOTHBHbix CTepcoTHnHBix ajire6p D : A ^ B[[m\], onpeflejiaeMbm CHCTeMoft {Dk] k G N'"} no 
cjjopMyjie (j2.9p . TaKJKe nasbiBaeTCH ducj}cj}epeHv,uaAbHUM. 

/JoKaaamcAbcmeo. SaMeiHM cpaay, hto paBHOCHjibHOCTb (ii) h (iii) ecTb cjieflCTBHe (J^opMyjibi (|1.82p . ITosTOMy 
HyjKHO npoBepHTb paBHOCHjibHOCTb (i) H (ii). 

1. (i)^=>(ii). IlycTb BbinojiHeHO (i). Mbi floxajKeM (ii) no HHflyKD,HH. 

1) IlycTb |fc| = 1. Torfla pjisi jno6bix a,ai G A mh nojiyiHM: 

[Dk, a] = = (?) • Dk-i{a) ■ Di = Dk{a) ■ Dq 
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= [[Dk,a\,ai] = (ma) = Dk{a) ■[Do,a{\ + [Dk{a),Do{ai)]- Do 



II 




[Dk{a),Da{ai)]^Q 

IIocjieflHee Bepno pflR jiioGoro ai, nosTOMy Dk{a) e Z^{Dq). 3to b cboio onepeflb Bepno fljiH jiio6oro a g A, 
nosTOMy I?fe(A) G 2'i(Do). 

2) IIpeflnojiojKHM, hto mbi yjKe flOKasajiH (j2.13p ^jih Bcex k trkhx, ^ito |fc| ^ n: 

i?fe(v4) C zl^l(i?o), 0<|fcKn. (2.15) 
Torfla fljiH |fc| = n + 1 mm nojiyHHM: npH jiio6om a G j4 

zl^-'l DiffUl 

a] - UM = E (J) • • = • + E (^) • aIS-'a" 

m ll.sol m I1.72I 

Diffl*"!-! JL Diff|fc-l| + |i|-l 

II II 

Diff" , , ,„ Diff" 

Dkia)-Do e Diff" 
JJ. n~75i 

2. (i)<;=(ii). IlycTb Hao6opoT, BbinojiHeHO (ii), Tor;],a (i) ;],OKa3biBaeTca Taitace no HHflyKii,HH. 

0) /Ijih fc = yTBepjKfleHHe (j2.12p BbinojinaeTca BOo6iii;e Bcerfla, noTOMy hto roMOMop(|3H3M ip — Dq HBjiaeTCH 
;],H4)(|)epeHLi;HajibHijiM onepaTopoM nyjieBoro nopaflKa b CHjiy 4)opMyjibi (jl.6ip . 

1) npe;i,nojiO}KHM, hto mbi flOKasajiH (|2.12l) pjia Bcex k TaKHx, hto \k\ ^ n: 

Dk eDm^''\Do), \k\i^n. (2.16) 



Torfla fljiH |fc| =71+1 MM nojiyHHM: 



I*"-'! DiffI! 

12.131 01 UJ \i,HS\ 



Va e A [Dk, a] - = E (fj -K^^, 



0<l<k , , 

Tl n.72\ 



Diffifc-ii+TTr^i 



Dk e DifF"+i . 



□ 



(b) C°°-o6ojIOHKH. 

C°°-o6ojioHKH. C°° -pacmupeHueM h C°° -o6oaohkou ajireGpti A mbi ycjiOBHMca nasbiBaTb pacniHpeHHe h 060- 
jiOHKy A (b CMbicjie o6iii;ero KaTeropHHoro onpeflejienHH [3]) b Kjiacce DEpi njiOTHbix 3nHMop4)H3MOB KaTeropHH 
Ste® CTepeoTHnHbix ajire6p OTHOCHTejibHO Kjiacca ;i,H4)4)epeHLi,HajibHbix HHBOjiiOTHBHbix roMOMop4)H3MOB c ko- 
seJjcjDHiiHeHTaMH B C*-ajire6pax (onpeflejienHbix na c l44l) . 

Hhbimh cjiOBaMH, nofl C°° -o6oaohkou hhbojiiothbhoh TonojiorHHecKoli ajireGpti A mm noHHMaeM njiOTHbiii 
roMOMop4)H3M a : A A' hhbojuothbhbix TonojiorHHecKHx ajire6p TaKofl, hto ^jih jiioGoii C*-ajire6pbi B, 
jiio6oro HHCjia to G N h jiio6oro flH(|)4)epeHD;HajiijHoro HHBOjiiOTHBHoro roMOMop4)H3Ma Lp : A ^ B[[fri\] b 
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ajire6py CTencHHbix paflOB c KOScJxJjHi^HeHTaMH b B naiifleTCH e/;HHCTBeHHi>iH roMOMop4)H3M C*-ajire6p ip' : 
A' ^ B, 3aMMKaiomHii pfiarpaMMy 



A >A' 

/ 




A C°° -o6oAOHKa HHBOjiiOTHBHOH TonojiorHiecKOH ajireGpbi A onpeflejiaeTCH KaK C°°-pacinHpeHHe p : A A°° 
TEKoe, HTO fljia jiio6oro C°°-pacmHpeHHa a : A ^ A' HaH;i,eTCH e;i,HHCTBeHHbiii roMOMop4)H3M hhbojiiothbhmx 
ajire6p v : A' ^ A°°, saMHKaiomHH ^HarpaMMy 

A 



A' -^A°° 

V 

TeopeMa 2.3. Uycm'b A - UHeoAwmueHaH cmepeomunHasi nodajize6pa e aAze6pe C°°{M) zjiadKux (j}yHKii,uu 
Ha zjiadKOM MHOzoo6pa3uu M . /(aji mozo, Hmo6u C°° -o6oAOHKa ameBpu A coenadaAa c aAze6pou C°°{M) 

Envcoo A = C°°(M) 

docmamoHHO eunoAHCHue CAedyminux ycAoeuu: 

(i) cneKmp A coenadaem c M: 

Spec (A) = M; 

(ii) Oam ecsiKou mouKU s & M ecmecmeeHHoe omo6pacitceHue KacameAmux npocmpaHcme 

Ts[A]^T,{M) 
^BAJiemcM u30Mop^u3MOM (ecKmopHux npocmpaHcme), 
IIpu smoM ycAoeue (ii) e smoM cnucKC 3KeueaACHmH0 Am6oMy us CAcdyminux deyx ycAoeuu: 
(Hi) dAM ecsiKou moHKU s G M ecmecmecHHoe omo6pacnceHue KOKacamcAbHux npocmpaHcme 

t:[a]^t:{m) 

jieAJiemcM uaoMopcjjusMOM (ecKmopnux npocmpaHcme), 
(iv) Oam ecMKOu moHKU s & M u aw6ozo HUCAa G N ecmecmecHHoe omo6paofceHue npocmpancme cmpyu 

j^[A]^r:{M) 

ReAfiemcsi uaoMop^usMOM (cmepeomunnux npocmpancme). 
^jiH ;i,0Ka3aTejiijCTBa naM noHaflo6HTCH 

JTeMMa 2.1. Uycm'b p : A ^ B - zoMOMopcpusM UHeoAwmueHux cmepeomunnux aAze6p, u Sam mouKU 
t e Spec(_B) coomeemcmeymujjUU MopcfiuaM KOKacameAtnux npocmpancme pf^ : CT(*p[A] — > CTf[B] uhsck- 
mueen: 

KerpJ* ^0 (2.17) 

Tozda 

ir^[A]^p-'(l![B]). (2.18) 

/(oKasamcAbcmeo. 3^eci> npsMoe BjiojKeHHe cjie^yeT cpa3y h3 roMOMopeJjHOCTH (h HenpepbiBHOCTn) p (mh nojib- 
syeMCH o6o3HaHeHHHMH Ha c|6l): 



p{ltop[A]j C It[B] =^ 

> p{ltop[A]) = p{ltop[A] ■ Itop[A]) = p[ltop[A]) ■ p[ltop[A]) C I,[B] ■ h[B] = I^[B] C lf[B] =^ 

=^ llJA] C p-Uj![B]) =^ ir\A]Cp-'(jf[B]] 



§2. C°° -ajiredpbi H C°° -odojiOHKM 
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IIojiyHeHHoe bjiojkchhc mojkho ncpeniicaTi. b BH^e 

n Mbi MO>KeM cflejiRTb bbiboa, hto cnpaBCfljiiiBa /inarpaMMa 

p 



CTt,p[A] 



Itop[A] 



V pf 



■■CTt[B] 



Ha nee cjie^yeT o6paTHaa ii,cnoHKa, Heo6xoflHMaH fljiH flOKaaaTejiBCTBa (12. 18^ : 
=^ pia)el![B] =^ pf (TTAia)) = nsipia)) = 



aep-HifiB] 



TTAia) e Kerpf* = = 



a G Ker(7rA) = Itop[A]. 



□ 



floKaaameAbcmeo meoveMu \2.!A C caMoro naiajia o6o3HaT^nM lepes p : A ^ C°°{M) ecTecTBenHoe BjiojKenHe 
A B C°°(Af). 

1. IIoKasceM CHanajia, ^^to ycjiOBna (ii)-(iv) SKBHBajieHTHbi. 3KBHBajieHTH0CTi> (ii) h (iii) cjie/iyeT cpaay h3 
xeopeMbi 11.101 ecjiH ^^[yl] h Tg(M) nsoMopcj^Hbi Kax BeKTopHbie npocTpancTBa, to HS-sa KoneHHOMepHOCTH 
Ts{M) OHH H30Mop4)Hi>i H KaK CTepeoTHnHbie npocTpancTBa, 3HaHHT hx conpajKenHbie npocTpancTBa T'*[>1] h 
T*{M) TaKJKC H30Mop4)Hbi (xaK CTcpeoTHnHbie npocTpancTBa h KaK BeKTopHbic npocTpancTBa). H naoGopoT. 

C /ipyroit CTopoHbi, h3 ycjiOBHs (iv) cjiepyei ycjiOBHe (iii), noTOMy hto npn H30Mop4)H3Me 

J}[A] = JHM) 

Hfleaji Is[A] n nepexoflHT b H^eaji Is{M) D (M), a sto KaK pa3 03HaHaeT h30mop4)H3m 

t:[A] = (/,[^] ^ = IM] /mA] = Is[A] n Jl[A] - /,(M) n Jl(Af) = 

= is{M)/ll{M) = (/,(Af)/7J(M))' = r;(M) 

TaKHM 06pa30M B SKBHBajieHTHOCTSX [ii) (iii) (iv) HeOHeBHflHBIM 3BeH0M OCTaeTCH TOJIBKO HMnjIH- 

KaD;HH {iii) => (iu). /],OKa>KeM ee. IlycTb BbinojiHHeTca (iii). Tor^a, npe>Kfle Bcero, BbinojinaeTCH paBCHCTBO 
(j2.17p . KOTopoe npHMCHHTejiBHO K flaHHOMy cjiy^^aro mojkho 3anHcaTb laK: 

mA]=AnlUM) (2.19) 

flajiee, nocKOjibKy npocTpancTBO r*[y4] = ^/s[A]y//^[A]^ KoneiHOMepHO, oho coBna^aeT c npocTpancTBOM 

KOTopoe TaKJKC KOHeHHOMepHO, H nosTOMy y Hero mojkho Bbi6paTb KOHe^Hbm 6a3HC. To cctb 
flOjiJKHa cymecTBOBaTb KOHCHnaa nocjieflOBaTejiBHOCTB BeKTopoB ei, e™ G AJi^i KOTopbix Kjiaccbi skbh- 

BajieHTHOCTH ei + I^[A], Cm + Is[A] o5pa3yiOT 6a3HC b Is[A]^ -^s [^]- Jifl^ bchkofo MyjibTHHHfleKca k G 

0603HaHHM 



H nycTb fljia jiio6oii 4)yHKii,HH / G C°°{M) h jiio6oro noMcpa n G N chmboji o6o3HaHaeT jiHneHHyio 

KOM6HHaiI,HIO 4)yHKLI,HH C*^, \k\ ^ Tl, 

Ifcl^n 

HMeiomyK) B TQTiKe s Ty jKe cipyio nopaflKa n, tito h 4)yHKri,na /: 



(2.20) 
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(TaKRH 4)yHKLi,Ha cymecTByeT h e/i,HHCTBCHHa, noTOMy hto 4)yHKii,HH ei,...,em o6pa3yK)T jiOKajibnyio KapTy b 
TOHKe s, KOTopaa ;i,H4)4)eoMop4)HO OTo6pa>KaeT HCKOTopyio OKpecTHOCTb tohkh s na HCKOTopyio OKpecTHOCTb 
HyjiH B M™ , H npH 3TOM fliKjx^eoMopcJjHSMe 4)yHKi],HH E" [/] npcBpamaiOTCH B TOHHOCTH B MHoroHjieHbi Teiijiopa 

4)yHKLI,HH / B TOHKC 0). 

3aMeTHM, HTO onepaii;Ha / -£"[/] MyjibTHnjiiiKaTHBHa 

E:[f-g]^E^[f]-E:[g], f,gGC-'{M) (2.21) 
o6jia;i,aeT BapnaHTOM CBOiicTBa HfleMnoTCHTHOCTH 

E^,[EPM]]=EPs{f]^E^s[m]], /gC°°(M), (2.22) 

H HenpepbiBHa b ^: 

a, A a =^ S^a,] A ^^a]. (2.23) 

IlepBbie /],Ba CBOficTBa cjie^yiOT h3 npeflCTaBjieniiH b bh^c MHoroHjienoB Teiijiopa npH flH4)4)eoMop4)H3Me, 

o6pa30BaHHOM jiOKajibHoii KapToii ei, Cm, a BTopoe - h3 KOHCHHOMepnocTH ajire6pbi MHoro^jienoB c (Jjhkch- 

poBaHHOH CTcneHBio: ecjiH ai — > a, to — > a, nosTOMy ii^ [ajj — > E[:[a\, h nocKOjiBKy jiCBaa h npaBaa 

HacTb npHHafljiejKHT KOHe^^HOMepHOMy npocTpancTBy P = spanje*^; |fc| ^ n}, cxo^hmgctb b C°°(M) 3flecb 

MOJKHO 3aMeHHTb CXOflHMOCTbK) B P, a 3aTeM H CXO;i,HMOCTbK) B A. 

PpKSiWieM Tenepb (JjopMyjiy 

a 'El'[al aePM]. (2.24) 

3to /i,ejiaeTCH no HH;i,yKu,HH. npe:ac/i,e Bcero, axa 4)opMyjia Bepna n = 0, 

/ \A\ 

a = E^[a], aeA, (2.25) 

nOTOMy HTO 

a - E'^la] = a - a{s) ■ 1 £ /JA]. 

H npH n = 1, 

a = El[a], aeIs[A], (2.26) 

noTOMy HTO H3 (j2.20p mbi nojiynaeM a — G Isi-^''^)i ^ ^ APyroii CTOpoHbi, a — -©^[a] G A, h bmcctc 3to 

osHanaeT, hto a - El[a] e An I^M) = (|2T9)) = 

npe;i,nojio>KHM flajiee, hto (JjopMyjia (j2.24p Bepna fljiH KaKoro-TO nncjia n — 1: 



a'W El'~^[al aell'-^iA]. (2.27) 
IlycTb a G /"[^]. 3to osnanaeT, hto HafiflCTCH HCKaa nanpaBjieHHOCTb a; G CTpeMHinaaca k a b A: 



Ui — > a. 

2— J-OO 



Ka}K/],biH ajiCMCHT jibjkht b /"[^], nosTOMy npeflCTaBiiM b bh^c 



H3 (j2.27p H (|2.26p mbi nojiynaeM iienoHKy: 



= 'Er'[bi]-El[4] = E:[bi-4l 



p 



• * 'I — Vrvn 
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4 

Hocjie Toro, krk 4)opMyjia f|2.24p /^OKasana, b hch Mo:acHO saMCHHTb a G na a G A: 

a ° ee' ' E'^[a], a <E A. (2.28) 

^eiicTBHTejibHO, npn n = sto npespamaeTca yjKC OTMeHaBinyioca (JjopMyjiy (|2.25p . /I,ajiee, ecjiH (|2.28l) floxa- 
sana fljiH KaKoro-TO rt — 1, 

TO, sanHcaB sto b BH^e 

a-E:-\a](.ll^[A\, 

Mbi B CHJiy f|2.24p nojiyHHM: 



OTKy^a 



HaKOHen,, h3 4)opMyjibi (|2.28p cjieflyeT, hto (JjaKTop-OToSpajKeHne a i— )■ a + /"^^[A] nponycKaeTCH nepea 
OTo6pa>KeHHe a ^ E^ [a] , h nosTOMy 4)aKTop-ajire6pa J" [A] HSOMopcJjna o6pa3y [A] OToSpajKeHHH a i— t- i?" [a] : 

j':[A] - sn^]. 

C ;i,pyroH CTopoHbi, ajire6pa CTpyft J^{M) na MHoroo6pa3Hn M TaKJKe H30Mop4)Ha 

Jl\M)^E-^[A]. 

BMecTe TO h flpyroe osnanaeT BbinojineHHe ycjiOBHH (iv). 

2. Ha TeopeMbi HaxGnna 11.151 cjienveT. hto npH BbinojiHCHiiH (i) h (ii) ecTecTBCHHoe BjiojKenHe p : A 

C°°{M) CTanOBHTCH njIOTHbIM 3nHMOp4)H3MOM. IIOKajKeM, HTO OHO TaKJKB 6yfleT paCniHpeHHeM OTHOCHTejIBHO 

Kjiacca ajire6p MHoroHjienoB c K034)4)HLi,HeHTaMH b C*-ajire6pax. IlycTb B - C*-ajire6pa h (/s : A — ^ _B[[m]] 
- ;],H4)4)epeHLi,HajibHbiH Mop4)H3M CTepcoTHnHBix ajire6p, to cctb TaKoii, pjin KOToporo cooTBCTCTByiomaa ch- 
CTeMa TiacTHbix npoH3BO/i,Hbix {-Dfc; k £ N'"} coctoht h3 flH4)4)epeHn,HajibHbix onepaTopoB Dk : A ^ B. 
CymecTBOBaHHe flH4)4)epeHii,iiajibHoro roMOMop4)H3Ma 93', 3aMbiKaK)iii,ero flHarpaMMy 

A > C°° (M) 

B[[m]] 

SKBHBajiCHTHO cymecTBOBaHHio CHCTCMbi flH4)4)epeHii,HajibHbix HacTHbix npoH3BOflHbix {-D^; k G N™}, npofloji- 
jKaiomHx onepaTopbi Dk c ^4 na C°°{M) h npHHHMaiomHx SHaneHHa b B: 

A ^C°°(A'/) 

B 

0603HaHHM 

C = ~D^, F^Z\Do)^{beB: yaeA [6, L>o(a)] = 0} = C'. 

IIo TeopeMe 12.21 Bce onepaTopbi {-Dfc! ^ £ N™} npHHHMaiOT 3HaHCHHa b ajire6pe F. HosTOMy HaM ;i,ocTaTOHHO 
pflKasaTb cymecTBOBaHHe CHCTeMbi flH(|)4)epeHD;HajibHbix ^acTHbix npoH3BO/;Hbix {-DJ..; k e N™}, npo/],ojiJKaio- 
mHx onepaTopbi Dk c Ana C°°{M) h npHHHMaiomHx 3HaHeHHa b F: 

A ^ (M) (2.29) 



F 
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/leiicTBHTejibHO, BCSKOMy /i,H4)4)epeHn,HajibHOMy onepaTopy Dk no TeopcMe II .61 cooTBeTCTBveT hckhh mop4)H3m 
paccjioeHHH CTpyii jn[Dk] ■ JaI-^] ~^ '^a(^) ~ '"'a^' '"^^ ^ ~ 1^1' yflOBjieTBopaioinHH TOJKflecTBy 

j°(i?fea) - j„[i?fc]oj"(a), aeA. 

Ho ycjiOBHio (iv), paccjioeHHH J^[A] h J^^{M) hsomopcJjhbi, nosTOMy jn[Dk\ mo>kho CHHTaTB Mop4)H3MOM pac- 
cjioeHiiii CTpyii jn[Dk] ■ J£{M)[£{M)] = J"{M) — J^(-F) = t^a^- -^0 TeopeMe 11.71 eMv cooTBeTCTByeT e;i,HH- 
CTBeHHbiii flH4)4)epeHn,Hajii>Hi>iH onepaTop D'f. : £{M) F (nafl ajire6poH A), y^OBjieTBopHioinHH TOJKflecTBy 

.f{D',u) = j,,[Dk] oTiu), u e £{M). 

^jia BCHKOro a ^ A mbi nojiyHHM 

f{D'M) - Jn[Du] - UDk] or (a) = f{Dka). (2.30) 

SaMCTHM flajiee, ^^to no TeopeMe 11.41 OTo6pa}KeHHe ~ v : F ^ Sec(7r^i^) = Sec(J^F), nepeBOflHmee F 
B ajire6py HenpepbiBHbix ceneHHit paccjioenHa SHaneHHii tt^-F' : J\F — s> Spec(yl) nafl ajireGpoii A, HBjiaeTCH 
H30Mop4)H3MOM C*-ajire6p: 

F = Sec{TT\F). 

riosTOMy K (|2.30p MOJKHO npHMenHTb onepaTop, o6paTHi>iH , h mm nojiynHM paBencTBO 

D'f.p{a) = Dka. 

To ecTb D'j^ npoflOjiJKaeT Dk b ;i,HarpaMMe (|2.29p . KpoMe tofo, h3 Toro, hto p OToSpajKaeT A hjiotho b C°°{M) 
cjie^yeT, so-nepBtix, hto D'^. HBjiHeTca ;i,H4)(J)epeHLi;najibHbiM onepaTopoM ne tojibko na^ A, ho h na^ C°°(M). 
H, BO-BTopbix, HTO ycjiOBHH (|2.6p - (|2.8p nepenocaTCH c onepaTopoB na onepaTopbi Z?^. HosTOMy ceMeiicTBO 
{Dk, k £ N™} npe/],CTaBjiHeT co6oh cncTeMy nacTHbix npoH3BOflHbix na C°°(Af). 

3. Tenepb y6e/],HMCH, hto npH BbinojiHenHH (i) h (ii) pacmnpeHHe p : A C°°{M) HBjiaeTCH oSojiohkoh. 
IlycTb a : A ^ B - KaKoe-TO flpyroe C°°-pacmHpeHHe. 3a4)HKCHpyeM OTKpbiToe MHOJKecTBO U C M, flH4)(|)eo- 
MopcJjHoe OTKpbiTOMy MHO>KecTBy B R™, H nycTb K C U - KaK0H-HH6yflb KOMnaKT, coBnaflaiomHH c 3aMbiKaHHeM 
CBoeft BHyTpeHHOCTH: Int(A') = K. PaccMOTpHM npocTpancTBO C{K) HenpepbiBHbix 4)yHKu,HH na, K n o6o3Ha- 
HHM Hepe3 Dk : A — )■ C{K), k G N™, CHCTeMy nacTHbix npoH3BOflHbix, cooTBCTCTByiomHx orpanHHSHHaM na K 
CTaHflapTHbix flH(J)4)epeHri,najibHbix onepaTopoB na [/, nopojKfleHHbix pa3flejieHHeM nepeMennbix npn /^HcjDcJjeo- 
Mop43H3Me U na OTKpbiToe MHOJKecTBO B M™. IlycTb D : A ^ C{K)[[m\\ - ;i,H4)4)epeHLi;HajibHbiH roMOMop4)H3M, 
cooTBeTCTByiomHH CHCTCMe onepaTopoB {Dk}. IIocKOJibKy a : A B ecTb C°°-pacinHpeHHe, roMOMop4)H3M 
D : A C{K)[[fri^ flojiacen oflH03HaHHO npoflOjiJKaTbca flo neKOToporo roMOMop4)H3Ma D' : C C{K)[[m\]: 

A yB (2.31) 

C(if)[[m]] 

BepnyBniHCb Ha3a^ k CHCTCMe nacTHbix npoH3BO/i,Hbix Dk, mbi nojiy^HM fljia BcaKoro HH^eKca k G N™ /i,Ha- 
rpaMMy 

A >B 



C{K) 



/ 



3a4)HKCHpyeM KaK0fl:-HH6yflb sjieMenT b (z B. HocKOjibKy a : A ^ B - njiOTHbiii 3nHMop4)H3M, naftfleTca 
HanpaBjieHHOCTb sjieMenTOB ai £ A Taxaa, hto 



a{ai) b. 

i— f oo 



^jia BcaKoro HH^eKca k G N™ mbi nojiy^HM 



Dk{a,) = D'k{a{a,))'':^ D'kib). (2.32) 

Tenepb paccMOTpnM KaKyK)-HH6yflb rjia^Kyio KpnByio b K, Tonnee, rnapfioe OTo6pa}KeHHe 7 : [0, 1] K. 
IlycTb fljia BcaKoro HH/i,eKca k G N'" nopa^xa = 1 h jiio6oh tohkh t G [0, 1] chmboji ^*'{t) o6o3HanaeT k-v) 
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KOMnoHCHTy npoHSBOflHOii 7'(i) b pasjiosKCHUH no jiokejibhijIM KOop;];HHaTaM na U . JXnn bchkoh <\>ywK\xeai a ^ A 
Mbi no TeopeMe HbiOTOHa-JIeft6nHn;a nojiy^HM 

7^o(a)(7(l))-^o(a)(7(0))= ^ f l^t) ■ Du{a){^{t)) 6t. 

|fe|=i^o 

BMecTe c (|2.32p sto ;i,aeT 

D',{b){^{l)) - Dmim ^. ^o(a.)(7(l)) - Do{a,)ijiO)) = 

OG-(—l 



H SHa^^HT 



D^,(6)(7(l))-C[,(&)(7(0))= V / 7'W-I5fe(&)(7W)di 



fe|=i 



1 







3Ta CBH3b MeyKpy 4)ynKn,HeH DQ{b) G C(ii') n 4)yHKn;HHMH D'i,[b) S C(i4r), |fc| = 1, osna^^aeT, hto D'Q{b) 
nenpepbiBHO flH4)4)epeHu,HpyeMa na K, npnneM ee nacTntiMH npoHSBOflnbiMH b Bbi6paHHbix naMH jiOKajitntix 
KOopflHnaTax Gy^yT 4)yHKn,HH D'j^{b), \k\ — 1. 

Bbi6paB nocjie SToro KaKyro-nnGyflB h3 npoHSBOflHbix D'f.(b), \k\ = 1, n paccMOTpcB nnfleKCbi nopa^Ka 2, mbi 
TOHHO TeM JKC npHeMOM nojiyHHM, HTO D'i.{b) TaKJKe ncnpepbiBHO flH4)4)epeHu,HpyeMa. H BOoGnie, oprannsoBaB 
HHflyKu,Hio no HHfleKcaM, mbi CMOJKeM noKasaTb, hto Bce 4)yHKu,HH D'f,(b) GecKonenno flH4)4)epeHD;HpyeMiji, h 
CBasanbi yieTKjxy co6oh KaK nacTHbie nponsBOflnbie 4)yHKn;HH D'Q^b) (oTnocHTejibno BbiGpanHbix nann jiOKajibHbix 
KOopflnnaT). 

EcjiH Tcnepb MenaTb KOMnaKT K d U n OTKptiToe MHOJKecTBO [/ C M , to B03HHKaioni,He npn stom rjiaflKne 
4)ynKn,HH D'^ib) na K Gy^yx corjiacoBanbi MCJKfly coGoii tbm, hto na nepecenennH cbohx oGjiacTeft onpe/iejienna 
OHH coBna^aiOT. IloaTOMy onpe^ejiena ncKaa oGniaa rjia^Kaa 4)yHKu,HH p'{b) : M — !■ C, o6jia;i,aioni,aH tbm 
CBOiicTBOM, HTO 66 orpanH'56HHC na KajKflbiii KOMnaKT K 6y;i,6T coBna/],aTb c cooTBeTCTByK)n];6H 4)yHKu,HeH 

my 

p\b)\^ = D'^{b), KcUCM. 

a nacTHbie nponsBOflnbie npn BbiGpanHoii chct6M6 jiOKajibHbix KOop^nnaT coBnaflaiOT c fl6HCTBH6M on6paTopoB 
D'^. na b. HnbiMH cjiOBaMn, onp6fleji6HO HeK06 OTo6pajK6HHe p' : B ^ C°°{M) (no nocTpoenHio sto 6yfl6T 
roMOMop4)H3M ajir66p), ^jih KOToporo 6y/],eT KOMMyiaTnBna cjieflyioni,aH ^narpaMMa, yTOHHHioni,aH (|2.3ip : 

(2.33) 




C{K)[[m]] 



(sflecb OTo6pa>K6HHe l 6CTb pa3jiO}K6nHe rjiaflKoii 4)yHKu,HH b pjifl no nacTnbiM nponsBOflnbiM na KOMnaKT6 
K C U Q M npn BbiSpannbix jiOKajibHbix Koopflnnaiax na U). Ha 3toh flnarpaMMbi cjiefly6T, hto p' ^ojijkho 
6biTb nenp6pbiBH0, noTOMy hto 6cjih 6^ — > 6, to sto ycjiOBH6 coxpansieTCH nofl fleitcTBneM KasKfloro onepaTopa 
D'^., TO 6CTb D'^.{bi) D'f.(b), a sto KaK pas n ecTb cxoflHMOCTb b npocTpaHCTB6 C°°{M). 

B6pxHHH BHyTp6HHHH TpeyrojibHHK B (|2.33l) 6y/i,eT KaK pas toh flnarpaMMOii, KOTopaa HaM Hy>Kna j^jisi Toro, 
HTo6bi y6e;i,HTbca, hto pacmHpeHH6 p aBjiH6TCH oGojiohkoh. □ 



HnjKe naM noHaflo6HTca 

JleMMa 2.2. Uycmb x - (^yuKUjUsi U3 C°°(M), y Komopou ece npouaeodnue (eKAwnan cajuy cfiyHKUjUKi x kuk 
ceow npou36odHym uyAeeozo nopsidKa) paemi nyMo e mouKe 0, 

Vn>0 x"(0)=0. 

Tozda ee mochcho npu6AU3umb e C°°(M) (pyuK'nujiMU c nyAeeuM pocmKOM e mouKe 0. 
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/JoKaaameAbcmeo. 3a4)HKCHpyeM n'EN,T>l,e>Oii nofl6epeM S > trk, htoSm 

Vfc e {0, sup x^'''>{t) ^ e. 

|t|^(5 



Bbi6epeM 4)yHKri,iiio rj G C°°(M) co cbohctbrmh: 



0, |sK 



1, |s| > (5 



H nOJIOJKHM 



yn{t)= [ J]{s) ■x^"-+^\s)ds, yn-i{t)= I y„(s)ds, yoit) = [ yi{s)ds. 

Jo Jo Jo 



Torfla 



sup \x"{t) - yn{t)\ = sup 







^ sup / (1 -77(5)) • |a;"(s)|ds ^ sup |x"(s)| ■ / (l-7](s))ds^ sup 



•5. 



sup 

|tKT 



sup 



a;"(s)ds- / 2/„(s)ds 



^ sup / -2/„(s)|ds ^ sup 

\t\^TJo \s\^T 



a;("+i)(s) 



■S-T. 



4 



sup 



x^'\t)~yo{t) 



sup 



t pt 

x^{s)ds ~ / yi(s) d s 



^ sup / |x^(s) — yi(s)| d s ^ sup 



• 5 • T". 



Tenepb BUfluo, uto npu 4)HKCHpoBaHHi>ix nGN, T>1,£>0 uhcjio ^ > mo>kho noflo6paTb Tax, HTo6bi 

g £ 

T" -supi^i^-r k^"'*"^Hs)r 

H Tor^a nocTpoeuHaH 4)yHKu,H5i yo 6ypfi'i OTjiHuaTbca ot x MeHbuie, ueM na e paBHOMepno no npoHSBOflUbiM 
nopHflKa He 6ojiBine n na OTpesKC [— T, T] : 



max sup 



a;W(t)-2;W(<) 



= max sup 



< T" • sup 



< e. 



□ 



Cjieflyioui,He ^Ba npHMepa noKasbiBaiOT uesaBHCHMOCTb flpyr ot flpyra ycjiOBuii (i) h (ii) b TeopeMe 12.31 
IIpHMep 2.2. Cyni,ecTByeT saMKuyTaH noflajire6pa A b ajire6pe C°°(M) co cjieflymmuMu CBOiicTBaMH: 
(i) cneKTp A ne coBna^aeT c R, 

Spec(A) ^ M, 
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(ii) ^jiH BCHKoii TOHKH s G R ecTCCTBeHHoe OTo6pa>KeHHe KacaTejibHbix npocTpancTB 

HBJIHeTCH H30MOp4)H3MOM (BeKTOpHblX npOCTpaHCTs) , 

/l^oKaaameMbcmeo. TaKHMH CBOiicTBaMH o6jiaflaeT ajire6pa nepnoflHHecKHx rjia/],KHx 4)yHKi],HH na M c KaKHM- 
mi6yffb (JjHKCHpoBaHHbiM ncpHOflOM, HanpiiMcp, 1. □ 

IIpHMep 2.3. CymecTByeT saMKHyiaH noflajire6pa A b ajire6pe C°°(]R) co cjieflyromHMH CBOiicTBaMH: 

(i) cncKTp A coBnaflaeT c R, 

Spec(A) = R, 

(ii) B TOHKC s = KacaTejiBHoe npocTpancTBO k A BbipojKfleHo: 

To [A] =0 

/JoKaaameAbcmeo. TaKHMii CBOitcTBaMH o6jiaflaeT ajire6pa rjia^KHx 4)yHKn,HH, HMciomHx b tohkb s — nyjieBbie 
npoHSBOflHfcie jiioGoro nojiojKHTejiBHoro nopaflKa: 

A = {x eC°°{M) : Vn^l x"(0) = 0}. 

1. IIoKajKeM CHanajia, hto Spec(A) = R. IlycTb s e Spec(A), to cctb s - HHBOjnoTHBHbiii, HenpepbiBHBiH;, 
jiHHeHHbiii, MyjibTHnjiHKaTHBHbiii H coxpaHHiomHii e;i,HHHLi,y 4)yHKii;H0Haji na A: 



s{x*) = s{x), s{X- X + y) ^ X- s{x) + s{y), s{x ■ y) = s{x) ■ s{y), s(l) = 1. 

PaccMOTpHM ero Hflpo Kers = {x £ A : s{x) = 0} h noxajKeM, hto HaiifleTca TOHxa i e R TaKaa, hto ecjiH ee 
paccMaTpHBaTb, KaK 4)yHKLi,H0Haji na A, to ero H^po coflepjKHT Ker(s): 

Kers C Kert ^ {x e A : x{t) = 0}. (2.34) 

ripeflnOJIOJKHM, HTO 3T0 He TaK, TO eCTb 

VteR 3xf e Kers xt{t)^0. (2.35) 

PaCCMOTpHM CeMefiCTBO MHOJKeCTB 

C/f = {r e R : xt{r) ^ 0}. 

Ohh OTKpbiTbi B R, a ycjiOBHe (j2.35p oaHanaeT, hto ohh o6pa3yiOT noKpbiTHe npHMOft R. IIoaTOMy b 3to ceMeii- 
CTBO MOJKHO BOHcaTb TjiaflKoe jiOKajibHO KOHeHHoe pa36HeHHe e;i,HHHii,bi: 



3to pasGHCHHe mojkho Bbi6paTb TaK, HTo6bi oho yflOBjieTBopajio cjieflyiomHM flOHOjiHHTejibHbiM ycjiOBHSM: 

Vn^l 77o(0) = & V<^0 O^suppr^t. 

Ha HHx aBTOMaTHHecKH 6yfleT cjie^OBaTb, hto Bce 4)yHKn,HH rjt jiejKaT b ^, a pa^ X^teR Vt ' Xt ■ cxo/i,htch b 
A (oTHOCHTejibHO TonojiOTHH, HHflyi^HpoBaHHOii H3 C°°(R)). 06o3HaHHM ero cyMMy 6yKBOH y, 

y = '^VfXf xl, 

tGR 

H 3aMeTHM, HTO, HOCKOjibKy Bce xt jiejKaT B 3aMKHyT0M Hfleajie Kers, sjieMCHT y TO»ce flOjiJKen jiejKaTb b hbm: 

y G Kers. 

C flpyroii CTopoHbi, 4)yHKri;HH y HHr^e ne o6paLLi,aeTca b nyjib. ^eitcTBHTejibno, j^jis. bcskoh tohkh ?' G R 
HaiifleTCH Kaxaa-TO 4)yHKLi,HH ryt^. ne paBnaa nyjiio b STOii tohkb, h nosTOMy r]t^{r) > 0. Hpn stom, h3 ycjiOBHH 
supp77t^ C Ut^ = {(7 € R : Xt^{q) ^ 0} cjie^yeT, hto |a;(^(r)| > 0, h mm nojiynaeM 
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To ecTb y o6paTHMa, Kax sjieMCHT ajire6pM C°°(R). B;i,o6aBOK, no nocTpoenHio, see npoHSBOflHBie 4)yHKii,HH y 
B TOHKe paBHbi HyjiK), nosTOMy y ee o6paTHOH 4)yHKii;HH ^ bcc npoHSBO^Hbie b tohkc TOJKe paBHbi nyjiio. 

V 

To ecTb 4)yHKD;HH y o6paTHMa, KaK ajieMCHT ajire6pbi A. 

HiaK, 4)yHKLi,HH y c o/i,hoh CTopoHbi jicjkht b H^eajie Ker s ajire6pbi A, a c ;i,pyroH - o6paTHMa b A. SnanHT, 
Kers = v4, a sto npoTHBope^HT ycjiOBHio s(l) = 1. To ecTb naine npeflnojiojKCHHe (|2.35p OKaaajiocb neBepno. 
TaKHM o6pa30M, ^jih ncKOToporo i S K aojijkho BbinojiHHTbCH (|2.34p . Mbi nojiynaeM, hto na A aaflanbi flBa 
HenyjieBbix jiHHefiHbix 4)yHKn,H0Hajia, s h npHneM, BO-nepBbix, Hflpo s coflepjKHTca b Hflpe i, h, bo-btopmx, 
Ha sjieMeHTe 1 g ^ hx aHa^ieHHa coBnaflaiOT; s(l) = t(l) = 1. TaKoe bosmojkho tojibko ccjih ohh coBna^aiOT 
BCKDfly ua. A: s — t. 

2. Tenepb flOKajKeM ycjiOBne (ii). fljia SToro noxajKeM, hto y xapaKTepa x i— > a;(0) a/i,po /o[^] = G A : 
x(0) = 0} oSjia^acT cjieflyiomHM cbohctbom: 

ll[A]=h[A\. (2.36) 

- Tor/i,a H3 4)opMyjibi (jl.9ip Gy^eT cjieflOBaib 

To[v4] = Re (/o[A]/if[A])" =0. 

^eiicTBHTejibHO, nycTb x 6 /o[^]j to ecTb x - 4)yHKii,na h3 C°°(M), y KOTopofi ne TOjibKO npoHSBOflHbie, ho h 
SHaneHHe b tohkb paBHO nyjiio, 

Vn^O j:"(0) = 0. 

Ho jieMMe ee mo>kho npH6jiH3HTb b C°°(M) 4)yHKn,HSMH c nyjieBbiM poctkom b TO^xe 0. C APyroii CTopoHbi, 
BCHKyio 4)yHKLi,HK) y c HyjieBbiM pocTKOM B TOHKe MOJKHO npe/],CTaBHTb KaK sjieMeHT H/;eajia /g [A\ - fXJiR SToro 
ee floCTaTTOHHO npocTO /lOMHOJKHTb Ha /ipyryio 4)yHKD,Hio c nyjiebbiM poctkom b 0, ho paBHyio 1 na HOCHTejie 
y. Mbi HOjiynaeM, hto x npH6jiHJKaeTCH b C°°(R) (a 3HaHHT h b A) 4)yHKH,HHMH h3 /q[A]. □ 

SaMeHaHHH no noBo^y TepMHHOJiorHH. B TeopeMe 12.31 vcjiobkh (i)-(iv) mo>kho c;i,ejiaTb Heo6xo;i,HMbiMH 
npn flonojiHHTejibHbix npe;i,nojio>KeHHfl;x o cneKxpe ajireSpbi A hjih npH 3aMeHe onpeflejieHHH C°°-o6ojiohkh na 
HecKOjibKO 6ojiee jKecTKoe. 

SaMenaHHe 2.1. Ecjih flonojiHHTejibHO H3BecTH0, hto cneKTp ajire6pbi A HBjiaeTCJi fc-npocTpancTBOM, to ycjio- 
BHe (i) TeopeMbi 12.31 CTanoBHTCg Heo6xoflHMbiM pji^i Toro, HTo6bi BjiojKenHe A C C°°{AI) 6bijio C°°-o6ojiohkoh. 

/JoKaaameAbcmeo. IlycTb Bjio>KeHHe p : A ^ C°°{M) HBjiaeTCH C°°-pacinHpeHHeM. Tor/],a, b nacTHOCTH, p 6y- 
^eT pacniHpeHHeM b DEpi OTHOCHTejibHO Kjiacca ajire6p MHoroHjienoB nyjieBoii CTenenH b KOScJxJjHi^HeHTaMH 
B C*-ajire6pax. To ecTb p 6y^eT pacniHpeHHeM b DEpi OTHOCHTCJibHO Kjiacca C*-ajire6p. Tor^a no [3J JIcm- 
Ma 4.11] conpH>Kennoe OToGpajKenne cneKTpoB Spec(A) ■(— Spec (C°°(M)) = M HBjiHeTca roMeoMop4)H3MOM 
TonojiornnecKHX npocTpancTB. □ 

• IlycTb B - C*-ajire6pa n m, n G N. 06o3naHHM Hepe3 3aMKHyTbiH n^eaji b ajire6pe i?[[m]] CTenennbix 
pa^OB c K034)4)Hn,HeHTaMH B B. cocTOHm,HH H3 paflOB, y KOTopbix K034)4)Hu,HenTbi c nn^eKcaMH |fc| ^ n 
o6nyjiaK)TCH: 

„ = {a; e B[[m]] : Vfc e N" |fc| n =^ a^fc = 0}. 

O aKTop- ajireGpa 

B[m,n] B[[m]]//„,„ 

Ha3biBaeTca aAze6pou MHOzoHAenoe cmenenu n om m nepeMCHHUx c K03cj}cj}uy,ueHmaMU e aAze6pe B. 

Ecjih o6o3HaHHTb KaK-nnGyflb mhoskcctbo MyjibTHHHfleKCOB. ne npeBOCxoflHiLi,Hx no MO/i,yjHO HHCjia n, nanpn- 
Mep, 

E[TO,n] = {fc e N™ : |fc| ^ n}, 

TO ajire6py MHoroHjienoB B[m,rL\ mo>kho npeflCTaBjisTb ce6e KaK npocTpancTBO BceB03M0}KHbix ceMeiicTB x = 
{xk] k G S[m,n]} ajieMeHTOB hs B, HH^eKCHpoBanHbix MyjibTHnnflCKcaMH k G E[m,n]. HHB0jnon,HH, cyMMa, 
yMHOJKeHHe na CKajiap h npoH3BefleHHe b B[m^n] onpeflejiHiOTCH (JjopMyjiaMH 

{x*)k^{xk)\ X G -B[m,n], fc G S[m,?i] (2.37) 

{x + y)k^Xk+yk, a;, y G B[TO,n], fc G I][m,n] (2.38) 



§2. C°° -ajiredpbi H C°° -odojiOHKM 
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(A • x)k = X ■ Xk, A e C, a; e B[m, n], fc e S[to, n] (2.39) 

{x-y)k= ^ Xk-i-yi, x,y € B[m,n], k e^[m,n] (2.40) 



0<l<k 



E^HHHii;cH B i?[[r7i]] 6y;i,eT, krk jierKO hohhtb, ceMeficTBO 




(2.41) 



3jieMeHTbi _B[m, n] y/jpGno npe;];cTaBjiHTb ce6e krk MHoroHjienbi CTencHH n ot m nesaBHCHMbix nepeivieHHbix 

Tl , . . . , TfTL ■ 

x= ^ Xk-r'', 

tE S [m , n] 

rpfi nofl r'^ noHHMaeTCH 4)opMajii>Hoe npoHSBCfleHHe 

k ki ^km 

T = T ■ ... ■ T , 



npHHBM CHHTaeTCH, HTO 



T ■ T 



0, fc + Z^S[m, n] 



Torfla cyMMa, yMHO>KeHHe na CKajiap h npoHSBeflCHHe b i?[m, ?i] onncMBaiOTca: o6biT^HbiMH 4)opMyjiaMH fljia 

MHOrOHJICHOB: 



^ {xk+yk)-T'', X-x^ ^ (A ■ Xfe) • r'', x-j/= ^ X! ^k-i-yi 

fcGS[m,n] /ceS[m,n] /ceS[m,n] \o^/^fe 



SaMGHaHHe 2.2. IlycTB no;; C°°-o6ojiohkoh CTepeoTHnnoii ajireSpti A noHHMaeTca o6ojiOHKa b Kjiacce DEpi 
njiOTHbix 3nHMop4)H3MOB KaTcropHH Ste® CTcpeoTHnHbix ajireGp OTHOCHTCJibHO Kjiacca ajire6p MHoroHjienoB 
c K034)4)HLi,HeHTaMH B C*-ajire6pax, to cctb OTHOCHTejibHO ajire6p BH^a i3[[TO,n]], r;i,e B - C*-ajire6pa, a 
TO,n G N - HaTypajiBHbie HHCjia. Tor^a ycjiOBHa (ii)-(iv) TeopcMBi 12.31 CTanoBHTCH HeoSxo^HMbiMH ^jih Toro, 
HTo6bi BjiojKeHHe A C C°°{M) 6bijio C°°-o5ojiot^koh. 

/loKasameAbcmeo. IlycTb BjiosceHHe p : A ^ C°°{M) HBjiaeTCH pacninpeHHeM b Kjiacce DEpi njiOTHbix snHMop- 
4)H3MOB OTHOCHTCJibHO Kjiacca ajire6p MHoroHjienoB c K034)4)Hn;HeHTaMH b C*-ajirc6pax. PaccMOTpHM ajire6py 

C[l, 1] MHOrOHJICHOB CTCHCHH 1 OT OflHOfi HCpCMCHHOH. KaK BCKTOpHOC HpOCTpaHCTBO OHa H30MOp4)Ha HpHMOH 

cyMMC C C, a MopcJjHSMbi A — ^ C[l, 1] npc;];cTaBjiaiOT co6oh napbi (s, t), r^c s G Spec(74) - TOHKa cncKTpa, a 
r G Tsl^] ^ KacaTCjibHbiii bcktop b stoh tohkc. JXjir tohkh t G Spec(-B), o KOTopofl; pcHb h^ct b 4)opMyjiHpoBKC, 
Mbi nojiynacM KOMMyTaTHBHyio ;i,HarpaMMy 




C[l,l] 

IIocKOjibKy p : A ^ B ccTb C°°-pacmHpeHHe, bcskoh CTpejiKC A — >■ C[l, 1] cooTBCTCTBycT cflHHCTBCHHasi 
CTpcjiKa B — C[l, 1], H 3TO osHanacT, HTO OToGpajKCHHC KacaTCJibHbix HpocTpancTB a i— p*{o') = ao p sBjiHCTca 
6HeKn,HCH. HocKOjibKy jih6o Tt{B) < oo, jih6o Ttop{A) < oo, 3to osHaHaeT, hto OToGpajKCHHC p* hbjihctch 

H3OM0p4)H3MOM CTCpCOTHHHblX HpOCTpaHCTB. □ 

npeo6pa30BaHHe 3>ypte na KOMMyTaTHBHOH rpynne JIh. IlycTb G ~ KOMnaKTHO nopojKflCHHaa kom- 
MyiaTHBHaa rpynna JIh, £{G) - ajirc6pa rjia/],KHx 4)yHKD;HH na G, £*{G) - ee cohphjkchhoc npocTpancTBO, 
paccMaTpHBacMoe KaK CTepcoTHnnaa ajire6pa c yMHOJKCHHCM, nopojKflCHHbiM oncpan^HCH yMHOJKCHHH na G (no- 
;i,Po6hocth cm. nanp. b jT]), G* - flBOHCTBCHHaH rpynna, cocTOHmaH ns xapaKTcpoB na G, to cctb ncHpepbiBHbix 

rOMOMOp4)H3MOB % ! G — T B OKpyjKHOCTb T (G* HaflejIHCTCH nOTOHCHHblM yMHOJKeHHCM H TOHOJIOFHCH paB- 

HOMcpHOH cxoflHMOCTH Ha KOMHaKTax B G), J-Q ■ £* {G) — >■ £{G*) - Hpeo6pa30BaHHe Oypbc na G, to ecTb 
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roMOMop4)H3M ajire6p, /i,eHCTByioii];HH no 4)opMyjie 

B TOMKC X ^ 

I 



FG{a){x) (x G G*, a e ^(G)) 

t 

/leflcTBHe (J^yHKitHOHajia a G £* (G) 
Ha 45yHKLi;Hio X £ C £{G) 

TeopeMa 2,4. ^^Ji bcmkou KOMnaKmno nopoofcdeuHou KOMMymamuenou spynnu JIu G ee npe6pa3oeaHue 
Oyphe J^G '■ £^{G) S{G*) HeAHemcH -o6oaohkou aA2e6pu 8*{G): 

Ta^emc^ £*{G). 

floKaaameA'bcmeo. Sflecb naflo npocTO npoBepHTB ycjiOBHS (i) h (ii) TeopcMbi 12.31 IlycTb (5 : G — )■ £*{G) - 
BjiojKeHHe rpynnbi G b rpynnoByio ajire6py £*{G) b BHfle flejibTa-4)yHKii,Hfl:: 

Sa{u) = u{a), u G £(G). 

Tor/i,a, BO-nepBbix, b CHjiy plj Theorem 10.12], (JjopMyjia 

X = ^po5 

aaflacT 6HeKn,Hio MesK^y xapaxTepaMH Lp : £*{G) — > C na ajire6pe £*{G) h KOMnjieKCHbiMH xapaKxepaMH 
X : G — >■ Ha rpynne G. Ilpn stom HHBOjiK)THBHbiM xapaxiepaM ip : £*{G) — >■ C 6y^yT cooTBeTCTBOBaTt 
o6biHHbie xapaKTepbi x : G — > T (co SHancHUHMH b OKpyjKHOCTn T). 3to cooTBeTCTBHe ip -(r^ x nenpepBiBHO b 
o6e CTopoHBi, nosTOMy sa^aeT h30mop4)H3m 

Spec(£*(G)) ^GV 

3to ycjiOBiie (i) TeopeMbi 12.31 

Bo-BTopbix, nycTB r : £*{G) — > C - KacaTejibHtiii bcktop b tohkc cnexTpa e G Spec ^£*(G)^ , cooTBeTCTBy- 
lomeii e/],HHHHHOMy xapaxTcpy 1(a) = 1, a G G. TojK^ecTBO JIeH6HHLi,a (jl.83p fljia Hcro npHHHMacT bh^ 

r(a * /3) = T(a) • e{l3) + e(a) • t(/3), a, I3 e £*{G), 

H ecjiH saMeHHTb a na (5a, a /3 na J;,, to mh nojiynaeM 

r(5a.6) = T{5a * 5b) = r((5a) • e{6b) + e{6a) ■ T{St) = T{Sa) + T{Sb), a,beG. 

3to SHaHHT, HTO OTo6pa>KeHHe a i~> T((5a) HBjiaeTca roMOMop4)H3MOM h3 G b aftAHTHBHyio rpynny C. Ecjih 
B^o6aBOK noTpe6oBaTb, htoSbi t Sbiji hhbojhothbhbim KacaTejibHbiM BeKTopoM, to HHCjia T{Sa) CTanyT Beme- 
CTBeHHbiMH, nosTOMy OTo6pajKeHHe a n- T(6a) npeBpaTHTca b (HenpepbiBHbiii) roMOMop4)H3M rpynn G — )• M, to 
ecTb CTaneT BemecTBenHbiM xapaxTepoM. 3to ycTanaBjiHBaeT 6HeKn,HK) MejKfly KacaTejibHbiM npocTpancTBOM 

Tg (^£*{G)^ K ajire6pe £*{G) h rpynnoii Hom(G, M) BemecTBenHbix xapaxTepoB na G. Ho Hom(G, R) H30Mop4)Ha 

rpynne oflnonapaMeTpnHecKHx no^rpynn b G*, to ecTb rpynne Hom(]R, G*) (nenpepbiBnijix) roMOMop4)H3MOB 
R — >■ G* (cm. nanp. [101 (24.42)]). Kax cjieflCTsne, Hom(G,M) H3OM0p4)Ha xacaTejibnoMy npocTpancTBy k 
rpynne G* b tohkc 1 G G*, h mm nojiynacM ii;cno'rKy h30mop4)H3mob 

T,{£*{G)^ = Hom(G,R) Hom(R, G*) ri(G*). 

EcjiH onycTHTb npoMejKyTonnbie paBcncTBa, to TonKy 1 MOJKno 3aMenHTb na jno6yio flpyrym TonKy x G G', 
nosTOMy Mbi nojiynacM h30mop(]3H3m 

T,(r(G))=T,(G-) = r,(£(G-)). 

3to KaK pa3 ycjiOBne (ii) TeopeMbi 12.31 □ 



JlHTepaxypa 



[1] S. S. Akbarov. Pontryagin duality in the theory of topological vector spaces and in topological algebra. 
Journal of Mathematical Sciences. 113(2): 179-349, 2003. 

[2] C. C. AK6apoB, FojiOMopcJ^Hbie 4)yHKn,HH 3KcnoHeHLi,HajibHoro Tnna h flBoiicTBeHHOCTi> fljia rpynn niTeiiHa 
c ajire6pamecK0H cbhshoh KOMnoneHTOfi eflHHHLi,bi, OyndaMeHmaA'bnafi u npuKAadnasi MamcMamuKa 2008, 
14(1): 3-178. English translation: S. S. Akbarov. Holomorphic functions of exponential type and duality for 
Stein groups with algebraic connected component of identity, Journal of Mathematical Sciences., 162(4): 
459-586, 2009; |http: / /arxiv.org/abs/080 6.3205. 



[3 
[4 

[s: 

[6 
[7 
[8 
[9 
[10 

[11 

[12 
[13 

[14 
[15 
[16 
[17 
[18 

[19 

[20 
[21 



CCAxSapoB. OSojiOHKH h OTne^aTKH b KaTeropnax. http://arxiv.org/abs/1110.2013 



T. Becker, A few remarks on the Dauns-Hofmann theorems for C*-algabras, Arch. Math. 43: 265-269, 1984. 

Byp6aKH H. TonojiorHiecKHe BCKTopHbie npocTpancTBa. M.: HJI, 1959. 

A. Connes, Non-commutative geometry, Boston, MA: Academic Press, 1994. 

^K.JIfiKCMbe. C*-ajire6pi>i h hx npeflCTaBjiCHHa. M.: HayKa, 1974. 

P. 3Hrejii>KHHr. 06iLi;aH Tonojiorna. M.: Mnp, 1986. 

G. Gierz, Bundles of topological vector spaces and their duality. Springer, 1982. 
XbiOHTT 3., Pocc K. A6cTpaKTHMii rapMOHHHecKHH anajiiis. T.l. M.: HayKa, 1975. 

M. J. Dupre, R. M. Gillette, Banach bundles, Banach modules and automorphisms of C*-algebras. Research 
notes in mathematics, 92, Boston 1983. 

J. M. G. FeU, An extension of Mackey's method to Banach *-algebraic bundles, Mem. A. M.S. 90, 1969. 

M. Fragoulopoulou. Spaces of representations and enveloping l.m.c. *-algebras. Pacific J. Math. 95(1): 
61-73, 1981. 

A. Inoue. Locally C*-algebra. Mem. Fac. Sci. Kyushu Univ. Ser. A, 25(2): 197-235, 1971. 



J. Kuznetsova, A duality for Moore groups. J. Oper. Theory, to appear; http://arxiv.org/abs/0907.1409 



J. G. Llavona. Appproximation of continuously differentiable functions. North Holland, 1986. 
^>K.Mep43H, C*-ajire6pbi h Tcopua onepaiopoB. M.: OaKTopnaji, 1997. 

L. Nachbin. Sur les algebres denses de fonctions differentiables sur une variete, C.R. Acad. Sci. Paris 228 
(1949) 1549-1551. 

A. K). Hhpkobckhh. "OSojiohkh Apeuca-MafiKjia, roMOjiorHiecKHe 3nHMop4)H3Mbi h OTHOCHTejibHO KBasn- 
CBo6oAHbie ajire6pbi," Tpydu MMO, 69: 34-123, 2008. 

N. C. Philhps. Inverse hmits of C*-algebras. J. Oper. Theory 19: 159-195, 1988. 

J. Varela, Duality of C*-algebras, in "Recent Advances in the Representation Theory of Rings and C*- 
algebras by Continuous Sections", Mem. A.M.S. 148:97-108, 1974. 



57 



OrjiaBjiGHHe 



BBCfleHHe 2 

(a) TepMHHOjiorHH, o6o3HaHCHHa h npcflBapHTejiBHBie pesyjibTaTbi 3 

Hhbojik)li,hh Ha CTcpeoTHnnoM npocTpancTBe 3 

06o3HaHeHHe M ■ N |C 

Hhbojikdthbhbih cncKTp 

1 JIoKajifcHO BbinyKjibie paccjioeHHs h flH(|)4)epeHLi,HajibHO-reoMeTpHHecKHe kohctpyki^hh 

(a) JIoKajibHO BbinyKjibie paccjioeHna 

HenpepbiBHbie ce^^enHH jiOKajibHO BbinyKjioro paccjioeHHH 

Sa^aHHe jiOKajibHO BbinyKjioro paccjioeHHs CHCTeMaMii ceneHHii h nojiynopM. . . . 

Mop4)H3Mi>i paccjiocHHii 

/],BOHCTBeHHoe paccjioeHHe 

(b) PaccjioeHHe SHaneHHii h Mop4)H3Mbi MOfiynevi 

PaccjioeHHC 3HaHeHHH MO^yjiH na/i, KOMMyTaTHBHOii hhbojiiothbhoh ajire6poH. . . . 

Mop4)H3Mbi MOflyjieii h hx cbh3Ij c Mop4)H3MaMH paccjiocHHii 

Mop(|)H3Mbi CO 3HaHeHHSMH B C*-ajire6pe h TeopcMa /],ayHca-Xo4)MaHHa 

(c) PaccjioeHHe cxpyfi h flH4)4)epeHn;HajibHbie onepaTopbi 

PaccjioeHHe CTpyii 

/I,H(J)4)epeHH,HajH>Hi>ie onepaTopbi 

^H(J)4)epeHH,HajibHi>ie onepaTopbi na ajire6pax 

^H(J)4)epeHn,HajH>Hi>ie onepaTopbi co 3HaHeHH5iMH b C*-ajire6pe 

(d) KacaTejiBHoe h KOKacaxejibHoe paccjioenHH 

KacaTCjiBHoe h KOKacaTCjibHoe npocTpancTBa 

KoKacaTCjiBHoe paccjioeHHe T* [A] 

KacaTCjibHoe paccjioenne T[A] 

TeopcMa HaxGnna 

2 C°°-ajire6pbi h C°°-o6ojiohkh 

(a) Ajire6pbi CTenenHbix pa^OB c K034)4)Hn;HeHTaMH b C*-ajire6pax 

ChCTCMBI naCTHblX HpOHSBOflHblX 

HacTHbie HpoH3BOflHbie KaK /],H4)4)epeHH,HajibHHe onepaTopbi 

(b) C°°-o6ojiOHKH 

C°°-o6ojioi:kh 

SaMe^iaHHs no noBOfly TepMHHOJiorHH 

IIpeoGpasoBaHHe Oypbe na KOMMyTaTHBHOii rpynne JIh 



58 



